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Gradient descent FaaS—cntim

Problem - Unconstrained smooth optimization

Let F € C}(R") and consider

in F(x).
i

Algorithm - Gradient descent
Choose x(¥) € dom(F) and vy €]0,2/L]
xHD) = (0 _ A (x k),
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Heavy-ball method SYNF=SITU

Algorithm - Heavy-ball method [ ]

Choose x(*) € dom(F), leta > 0 and v €]0,2/L|
y(k) — x(k) _|_ a(x(k) _x(k_l))’
x(k+1) — y(k) _ ’YVF(X(k))
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Heavy-ball method TNErs U

Algorithm - Heavy-ball method [ ]

Choose x(*) € dom(F), leta > 0and v €]0, 2/L|
x(k+1) — y(k) _ nyF(x(k))

m x(0 — x(k=1) s called the inertial term or momentum term.
m ais called the inertial parameter.

m In general, no convergence rate for F € C}. Local rate if moreover F is twice-differentiable
and strongly convex.
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Heavy-ball method Fesmd

Theorem - Optimal rate

Let x* be a (local) minimizer of F such that uld < V2F(x*) = Lid and choose a, v with
a € 0,1, €]0,2(1 + a)/L[. There exists p < 1 such thatif p < p < 1 and ifx(®),x(1) are close
enough to x*, one has

Ix® — x| < cpt.

Moreover, if

_(VimvE\® 4 _VI-yE
a—( ) ”y_(ﬂ+\/ﬁ)2 then /—)_\ﬂ-i-\/ﬁ'
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Heavy-ball method Agzsmul

Theorem - Optimal rate

Let x* be a (local) minimizer of F such that uld < V2F(x*) = Lid and choose a, v with
ac[0,1],7v €]0,2(1 + a)/L|. There exists p < 1 such thatif p < p < 1 and if x(?), x(!) are close
enough to x*, one has a a

X — x| < ¢~

Moreover, if

<
<

_(Vi-vm) 4 _VI- @
"—(ﬁwﬁ) ey il Y e+

m Starting points need to close enough to x*

m Almost the optimal rate can be achieve by gradient method (or first-order method)

m Gradient descent
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Nesterov’s acceleration scheme

Algorithm - Nesterov’s acceleration scheme [ ]

Choose x(?) € dom(F) andy(®) = x(9); Let ¢ €]0,1[and q = p/L

bri1 = (1 — Peg1) i + Adrs1
k(1 — ¢)

a, = —————%

i + drr1
y(k) — x(k) + ak(x(k) . x(k_l))

XD — () %vp(y(k))
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Nesterov’s acceleration scheme .

‘

Algorithm - Nesterov’s acceleration scheme [
Choose x(*) € dom(F) andy(®) = x(©); Let ¢y €]0,1[and q = /L

bri1 = (1 — Peg1) i + Adrs1
k(1 — ¢)

i + drr1
y(k) — x(k) + ak(x(k) . x(k_l))

XD — () %vp(y(k))

Theorem - Convergence rate

Let ¢9 > / /L, then

Fx®) — F(x*) < min { (1- ﬂ)k, M} x (F(xo) — FOX*) + %|xo — x*?),

¢o(Pol—p)
1—-¢o

where v =
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Nesterov’s acceleration scheme ANE=rs

Algorithm - Nesterov’s acceleration scheme [ ]

Choose x(*) € dom(F) andy(®) = x(©); Let ¢y €]0,1[and q = /L

bri1 = (1 — Peg1) i + Adrs1
_ &1 =)
9 Dk + Per

y(k) — x(k) + ak(x(k) . x(k_l))
XD — () %vp(y(k))

Parameter choices
mFe CLl ¢o =1,

_ ~ 2 ~ 1=
q=0, ¢k~—k+1—>0 and ag 1+¢k—>1.

mFeES, ;:do=1/n/L

_ _ _ V-
q—\/%v (bk:\/% and ak:\/[-i-\/ﬁ.
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Accelerate proximal gradient descent

FISTA



Proximal gradient descent Ae=rsU

Problem - Unconstrained smooth optimization
Let F € CL(R"),R € T (R") and consider
in F(x) + R(x).
min F(x) + R(x)

Choose x() € dom(F) and v €]0,2/L]
x(H) — Prox. g (x(k) — 'yVF(x(k))).

o
W Algorithm - Gradient descent

=
0
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FISTA (Fast Iterative Soft-Thresholding Algorithm)

Algorithm - FISTA [ ]

Choose x(©) € dom(F) andy(®) = x(©); Letty = 1andy = 1/L

VAt
- 2
tk_l—l

tk

y(k) — x(k) + ak(x(k) _x(k_l))
xTD = prox. o (y® — yVF(y®))

ti

ax =

m A special case of inertial proximal gradient descent.

m Inertial parameters

tkw% and ag — 1.
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FISTA (Fast Iterative Soft-Thresholding Algorithm) Pr———

‘

Algorithm - FISTA [
Choose x(©) € dom(F) andy(®) = x(©); Letty = 1andy = 1/L

VAt
- 2
tk_l—l

tk

y(k) — x(k) + ak(x(k) _x(k_l))
xTD = prox. o (y® — yVF(y®))

Theorem - Convergence rate

Letx* € Argmin(F + R),

ti

ax =

)y _ oy < L@ —x?
(F +R6®) - (F+ R)(e) < 2=
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Restarting FISTA

SINF=r80TU

Accelerate proximal gradient descent
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Restarting FISTA A=zl

Why FISTA oscillates
m for LSE, leading eigenvalue of the system is complex.

m over extrapolation, momentum beats gradient.

Algorithm - Restarting FISTA [ 1

repeat:
1. Run FISTA iteration
2. 1f (y() — x| () _ xk=1)y 5 0: t, = 1,y®) = x(®),
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Restarting FISTA gzsomulL

Proximal gradient
Inertial proximal gradient
—— FISTA
—— Restarging FISTA

D (1) — (2¥)
g

10
500 1000 1500 2000

Accelerate proximal gradient descent 000 008 00 0O O 7/12



Accelerate ADMM

Strong convexity



Alternating direction method of multipliers .

Problem

in  F R
ceiiin (x) +R(y),

such that Ax + By =f.

Algorithm - ADMM [ ]

x*+1) e Argmin, F(x) + §||Ax +By® —f +u® /p|?,

yktD) ¢ Argmin, R(y) + §||Ax(k+1) +By —f+ u(k)/p||2,
uttD) = y® ¢ paxk+D) o gyl gy
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Fast ADMM under strong convexity Ag=rsmdn

Assumption

m Both F and R are strongly convex.
Algorithm - Fast ADMM [ ]

Lety® e R", (O =y andu® e RP,d(®) = u(®); Let p > O and t, = 1:
x(k+1) ¢ Argmin, F(x) + g”A" +By®) —f + E(k)/p”27

y(!“ € Argminy R(y) + £ JAx"HY + By —f + 3% /o,
ul) — G0 | p(axk+D | gyl )
b= Lf V1 +4tf,1

y(k+1) _ y(k) 4 lea=l tk i = (y(k) y(k—l))

gkt — gy 4 bea =1 ( (k) _ (k—l))

tk
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Accelerate fixed-point iteration

Inertial and over-relaxation



Accelerations: two approaches Are=rs U

Algorithm - Inertial technique [ 1

%0 = x®) 4 g, (x®) — x-1)y,

xt+D = F(x®).

Xk—1
Xk
Xk+% XK
XD X1
*
X
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Accelerations: two approaches Are=rs U

Algorithm - Successive over-relaxation [

%0 = x® 4 g (x® — g1y,

(k1) _ 3 ) 0 ag=Ax—1
X (I =A™ + MF (X)) ———= L‘(Hl)z F(x®).

Xk
/f(xkfl)

Xk
XHV
Xkt D S
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Alert: acceleration NOT guaranteed! Ae=rsTU

Problem - Sum of two I functions

in F(x) + R(x).
min F(x) +R(x)

Lety >0
def 1

FbR = 3 (Id + (2prox.; — Id)(2prox.; — Id)).
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Alert: acceleration NOT guaranteed!

Problem - Sum of two I functions

in F(x) + R(x).
min F(x) +R(x)

Lety >0
r of 1
clf5

Douglas-Rachford splitting [Douglas & Rachford '56]

m Sequence o(1/vk), objective NA.
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Alert: acceleration NOT guaranteed!

Problem - Sum of two I functions

in F(x) + R(x).
min F(x) +R(x)

Lety >0
dor 1
]:DR—Z

Inertial Douglas-Rachford [Bot, Csetnek & Hendrich '15]
Ek — z(k) + ak(z(k) _Z(k_l))7

Z(k+1) = ]:DR(EI()-

m No rates available, may fail to provide acceleration.
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Alert: acceleration NOT guaranteed! e

Problem - Feasibility problem in R?
Let T;, Ty C R? be two subspaces such that T, N Ty # (),
Find x € R? such that x € T; N Ts.

Define

T
For & L (d + (2Pr, — 1d)(2Pr, — Id)). 1
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Alert: acceleration NOT guaranteed! A=rsmd

Problem - Feasibility problem in R?

Let T;, Ty C R? be two subspaces such that T, N Ty # (),
Find x € R? such that x € T; N Ts.

Douglas-Rachford: 10° .
K normal DR
Zy — Z( ),
k+1 5
Z( ) = fDR(zk)- _ 105t
h
X
100t
10715 i i i ;
200 400 600 800 100
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Alert: acceleration NOT guaranteed! A=rsmd

Problem - Feasibility problem in R?

Let T;, Ty C R? be two subspaces such that T, N Ty # (),
Find x € R? such that x € T; N Ts.

Inertial Douglas-Rachford: 10° L'step inertial DR |
normal DR
7, =z 4 a(z® — 2Dy
Z(k+1) = fDR(Ek)- _ 105t
m 1-stepinertial: a = 0.3. é
10-10 L
10

200 400 600 800 100
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