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Gradient descent

Problem - Unconstrained smooth optimization

Let F ∈ C1L (Rn) and consider

min
xxx∈Rn

F(xxx).

Algorithm - Gradient descent

Choose xxx(0) ∈ dom(F) and γ ∈]0, 2/L[
xxx(k+1) = xxx(k) − γ∇F(xxx(k)).
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Heavy-ball method

Algorithm - Heavy-ball method [Polyak ’64]

Choose xxx(0) ∈ dom(F), let a > 0 and γ ∈]0, 2/L[

yyy(k) = xxx(k) + a(xxx(k) − xxx(k−1)),

xxx(k+1) = yyy(k) − γ∇F(xxx(k)).
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Heavy-ball method

Algorithm - Heavy-ball method [Polyak ’64]

Choose xxx(0) ∈ dom(F), let a > 0 and γ ∈]0, 2/L[

yyy(k) = xxx(k) + a(xxx(k) − xxx(k−1)),

xxx(k+1) = yyy(k) − γ∇F(xxx(k)).

xxx(k) − xxx(k−1) is called the inertial term or momentum term.

a is called the inertial parameter.

In general, no convergence rate for F ∈ C1L . Local rate if moreover F is twice-differentiable

and strongly convex.
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Heavy-ball method

Theorem - Optimal rate

Let xxx? be a (local) minimizer of F such that µIIIddd � ∇2F(xxx?) � LIIIddd and choose a, γ with

a ∈ [0, 1[, γ ∈]0, 2(1 + a)/L[. There exists ρ < 1 such that if ρ < ρ < 1 and if xxx(0),xxx(1) are close
enough to xxx?, one has

||xxx(k) − xxx?|| ≤ Cρk.

Moreover, if

a =

(√
L−√

µ√
L+

√
µ

)2

, γ =
4

(
√
L+

√
µ)2

then ρ =

√
L−√

µ√
L+

√
µ
.
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Heavy-ball method

Theorem - Optimal rate

Let xxx? be a (local) minimizer of F such that µIIIddd � ∇2F(xxx?) � LIIIddd and choose a, γ with

a ∈ [0, 1[, γ ∈]0, 2(1 + a)/L[. There exists ρ < 1 such that if ρ < ρ < 1 and if xxx(0),xxx(1) are close
enough to xxx?, one has

||xxx(k) − xxx?|| ≤ Cρk.

Moreover, if

a =

(√
L−√

µ√
L+

√
µ

)2

, γ =
4

(
√
L+

√
µ)2

then ρ =

√
L−√

µ√
L+

√
µ
.

Starting points need to close enough to xxx?

Almost the optimal rate can be achieve by gradient method (or first-order method)

Gradient descent

ρ =
L− µ

L+ µ
.
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Nesterov’s acceleration scheme

Algorithm - Nesterov’s acceleration scheme [Nesterov ’83]

Choose xxx(0) ∈ dom(F) and yyy(0) = xxx(0); Let φ0 ∈]0, 1[ and q = µ/L

φ2
k+1 = (1− φk+1)φ

2
k + qφk+1

ak =
φk(1− φk)

φ2
k + φk+1

yyy(k) = xxx(k) + ak(xxx
(k) − xxx(k−1))

xxx(k+1) = yyy(k) − 1

L
∇F(yyy(k))
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Nesterov’s acceleration scheme

Algorithm - Nesterov’s acceleration scheme [Nesterov ’83]

Choose xxx(0) ∈ dom(F) and yyy(0) = xxx(0); Let φ0 ∈]0, 1[ and q = µ/L

φ2
k+1 = (1− φk+1)φ

2
k + qφk+1

ak =
φk(1− φk)

φ2
k + φk+1

yyy(k) = xxx(k) + ak(xxx
(k) − xxx(k−1))

xxx(k+1) = yyy(k) − 1

L
∇F(yyy(k))

Theorem - Convergence rate

Let φ0 ≥
√
µ/L, then

F(xxx(k))− F(xxx?) ≤ min
{(

1−
√

µ

L

)k
,

4L

(2
√
L+ k

√
ν)2

}
×
(
F(x0)− F(xxx?) + ν

2 ||x0 − xxx?||2
)
,

where ν = φ0(φ0L−µ)
1−φ0

.
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Nesterov’s acceleration scheme

Algorithm - Nesterov’s acceleration scheme [Nesterov ’83]

Choose xxx(0) ∈ dom(F) and yyy(0) = xxx(0); Let φ0 ∈]0, 1[ and q = µ/L

φ2
k+1 = (1− φk+1)φ

2
k + qφk+1

ak =
φk(1− φk)

φ2
k + φk+1

yyy(k) = xxx(k) + ak(xxx
(k) − xxx(k−1))

xxx(k+1) = yyy(k) − 1

L
∇F(yyy(k))

Parameter choices

F ∈ C1L : φ0 = 1,

q = 0, φk ≈ 2

k + 1
→ 0 and ak ≈ 1− φk

1 + φk

→ 1.

F ∈ S1µ,L: φ0 =
√

µ/L

q =
√

µ

L
, φk ≡

√
µ

L
and ak ≡

√
L−√

µ√
L+

√
µ
.
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Accelerate proximal gradient descent

FISTA



Proximal gradient descent

Problem - Unconstrained smooth optimization

Let F ∈ C1L (Rn), R ∈ Γ0(Rn) and consider

min
xxx∈Rn

F(xxx) + R(xxx).

𝒳

Algorithm - Gradient descent

Choose xxx(0) ∈ dom(F) and γ ∈]0, 2/L[
xxx(k+1) = proxγR

(
xxx(k) − γ∇F(xxx(k))

)
.
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FISTA (Fast Iterative Soft-Thresholding Algorithm)

Algorithm - FISTA [Beck & Teboulle ’09]

Choose xxx(0) ∈ dom(F) and yyy(0) = xxx(0); Let t0 = 1 and γ = 1/L

tk =
1 +

√
1 + 4t2k−1

2

ak =
tk−1 − 1

tk

yyy(k) = xxx(k) + ak(xxx
(k) − xxx(k−1))

xxx(k+1) = proxγR

(
yyy(k) − γ∇F(yyy(k))

)
A special case of inertial proximal gradient descent.

Inertial parameters

tk ≈ k + 1

2
and ak → 1.
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FISTA (Fast Iterative Soft-Thresholding Algorithm)

Algorithm - FISTA [Beck & Teboulle ’09]

Choose xxx(0) ∈ dom(F) and yyy(0) = xxx(0); Let t0 = 1 and γ = 1/L

tk =
1 +

√
1 + 4t2k−1

2

ak =
tk−1 − 1

tk

yyy(k) = xxx(k) + ak(xxx
(k) − xxx(k−1))

xxx(k+1) = proxγR

(
yyy(k) − γ∇F(yyy(k))

)
Theorem - Convergence rate

Let xxx? ∈ Argmin(F + R),

(F + R)(xxx(k))− (F + R)(xxx?) ≤ L||xxx(0) − xxx?||2

2(k + 1)2
.
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Restarting FISTA

Nesterov/FISTA
Gradient descent
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Restarting FISTA

Why FISTA oscillates

for LSE, leading eigenvalue of the system is complex.

over extrapolation, momentum beats gradient.

Algorithm - Restarting FISTA [O’Donoghue & Candés ’12]

repeat:

1. Run FISTA iteration

2. If 〈yyy(k) − xxx(k+1) | xxx(k) − xxx(k−1)〉 > 0: tk = 1,yyy(k) = xxx(k).
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Restarting FISTA
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Accelerate ADMM

Strong convexity



Alternating direction method of multipliers

Problem
min

xxx∈Rn,yyy∈Rm
F(xxx) + R(yyy),

such that AAAxxx + BBByyy = fff.

Algorithm - ADMM [Gabay, Mercier, Glowinski, Marrocco ’76]

xxx(k+1) ∈ Argminxxx F(xxx) +
ρ

2
||AAAxxx + BBByyy(k) − fff + uuu(k)/ρ||2,

yyy(k+1) ∈ Argminyyy R(yyy) +
ρ

2
||AAAxxx(k+1) + BBByyy − fff + uuu(k)/ρ||2,

uuu(k+1) = uuu(k) + ρ(AAAxxx(k+1) + BBByyy(k+1) − fff).
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Fast ADMM under strong convexity

Assumption

Both F and R are strongly convex.

Algorithm - Fast ADMM [Goldstein et al ’14]

Let yyy(0) ∈ Rn,yyy(0) = yyy(0) and uuu(0) ∈ Rp,uuu(0) = uuu(0); Let ρ > 0 and t0 = 1:

xxx(k+1) ∈ Argminxxx F(xxx) +
ρ

2
||AAAxxx + BBByyy(k) − fff + uuu(k)/ρ||2,

yyy(k+1) ∈ Argminyyy R(yyy) +
ρ

2
||AAAxxx(k+1) + BBByyy − fff + uuu(k)/ρ||2,

uuu(k+1) = uuu(k) + ρ(AAAxxx(k+1) + BBByyy(k+1) − fff)

tk =
1 +

√
1 + 4t2k−1

2

yyy(k+1) = yyy(k) +
tk−1 − 1

tk
(yyy(k) − yyy(k−1))

uuu(k+1) = uuu(k) +
tk−1 − 1

tk
(uuu(k) − uuu(k−1))
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Accelerate fixed-point iteration

Inertial and over-relaxation



Accelerations: two approaches

Algorithm - Inertial technique [Polyak ’64, Nesterov ’83, Beck & Teboulle ’09]

⌊
xxx(k) = xxx(k) + ak(xxx

(k) − xxx(k−1)),

xxx(k+1) = F(xxx(k)).

x?

xk−1

xk
xk+1
xk+2

x̄k
xk+1
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Accelerations: two approaches

Algorithm - Successive over-relaxation [Richardson ’1911, Young ’50]

xxx(k+1) = (1− λk)xxx
(k) + λkF(xxx(k))

ak=λk−1=======⇒

⌊
xxx(k) = xxx(k) + ak(xxx

(k) − xxx(k−1)),

xxx(k+1) = F(xxx(k)).

x?

xk−1

xk F(xk−1)
xk+1
xk+2 xk
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Alert: acceleration NOT guaranteed!

Problem - Sum of two Γ0 functions

min
x∈Rn

F(x) + R(x).

Let γ > 0

FDR
def
=

1

2

(
IIIddd+ (2proxγR − IIIddd)(2proxγF − IIIddd)

)
.
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Alert: acceleration NOT guaranteed!

Problem - Sum of two Γ0 functions

min
x∈Rn

F(x) + R(x).

Let γ > 0

FDR
def
=

1

2

(
IIIddd+ (2proxγR − IIIddd)(2proxγF − IIIddd)

)
.

Douglas–Rachford splitting [Douglas & Rachford ’56]

zzz(k+1) = FDR(zzz
(k)),

Sequence o(1/
√
k), objective NA.
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Alert: acceleration NOT guaranteed!

Problem - Sum of two Γ0 functions

min
x∈Rn

F(x) + R(x).

Let γ > 0

FDR
def
=

1

2

(
IIIddd+ (2proxγR − IIIddd)(2proxγF − IIIddd)

)
.

Inertial Douglas–Rachford [Boţ, Csetnek & Hendrich ’15]

zzzk = zzz(k) + ak(zzz
(k) − zzz(k−1)),

zzz(k+1) = FDR(zzzk).

No rates available,may fail to provide acceleration.
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Alert: acceleration NOT guaranteed!

Problem - Feasibility problem in R2

Let T1, T2 ⊂ R2 be two subspaces such that T1 ∩ T2 6= ∅,
Find x ∈ R2 such that x ∈ T1 ∩ T2.

Define

FDR
def
=

1

2

(
IIIddd+ (2PT1 − IIIddd)(2PT2 − IIIddd)

)
.
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Alert: acceleration NOT guaranteed!

Problem - Feasibility problem in R2

Let T1, T2 ⊂ R2 be two subspaces such that T1 ∩ T2 6= ∅,
Find x ∈ R2 such that x ∈ T1 ∩ T2.

Inertial Douglas–Rachford:

zzzk = zzz(k),+a(zzz(k) − zzz(k−1)),

zzz(k+1) = FDR(zzzk).

1-step inertial: a = 0.3.

2-step inertial: a = 0.6, b = −0.3.

200 400 600 800 1000
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10-10
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100
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Accelerate fixed-point iteration 11/12



Alert: acceleration NOT guaranteed!

Problem - Feasibility problem in R2

Let T1, T2 ⊂ R2 be two subspaces such that T1 ∩ T2 6= ∅,
Find x ∈ R2 such that x ∈ T1 ∩ T2.

Inertial Douglas–Rachford:

zzzk = zzz(k) + a(zzz(k) − zzz(k−1)),

zzz(k+1) = FDR(zzzk).

1-step inertial: a = 0.3.
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