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Previously Ny=zs0TU

Principal component pursuit Let i > 0,

il + plyly

such that x +y =f.
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Previously STNF=ESITU

Principal component pursuit Let i > 0,

x’yrél]églxn Ix[l,. + wllyl;,

such that x +y =f.

Problem - Non-smooth optimization problem

Consider ‘
o S R
such that Ax + By =f.
with

mFe F()(Rm), R e Fo(]Rn)
mfecRP, A: R" - RPandB : R" — RP are bounded linear.
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Duality

/S INF=rsutull 1L

Definition - Primal and dual problem

Let F € IH(R") and R € IH(R™), letK : R" — R™ be bounded linear. Then

m The primal problem

mnin F(x) + R(Kx).

m The dual problem

—F*(—K*u) — R*(u).
max —F*(~K"u) — R*(u)
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Duality YARN—<nll M

Definition - Primal and dual problem

Let F € IH(R") and R € IH(R™), letK : R" — R™ be bounded linear. Then

m The primal problem

min F(x) + R(Kx).
xeR"

m The dual problem

—F*(—K*u) — R*(u).
max —F*(~K"u) — R*(u)

Let S = {f} € R™and R(y) = ts(y), then
m The primal problem

min F(x) + R(Kx) <= minF(x) such that Kx=f.

XERN XeRn

m The dual problem

max —F*(—K"u) = (f |u).
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Duality Ne=rs

Consider the primal problem: let A : R" — RP and B : R™ — RP

xe]lg'l,;ré]l%m F(x) + R(y) such that Ax+ By =f. (22)
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Duality -

Consider the primal problem: let A : R" — RP and B : R™ — RP
i F R h th Ax + By =f.
el (x) + R(y) such that +By =f (Z)
Define

z= <’;> , H@) =F(x)+R(y) and K=[A BJ.

Then () is equivalent to
min H(z) such that Kz =f

ZERm+”
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Duality -

Consider the primal problem: let A : R" — RP and B : R™ — RP

xe]lg'l,;ré]l%m F(x) + R(y) such that Ax+ By =f. (22)

Define

z= <’;> . H@) =FX) +Ry) and K=[A B].
Then () is equivalent to
min H(z) such that Kz =f

ZERm+”
Dual problem

max —H*(—K*u) — {f | u).
ucRp
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Duality \F=rsJTu

Consider the primal problem: letA : R" — RP and B : R™ — RP

xe]lg'l,;ré]l%m F(x) + R(y) such that Ax+ By =f. (22)

Define

z= <’;> . H@) =FX) +Ry) and K=[A B].
Then () is equivalent to
min H(z) such that Kz =f

ZERm+”

Dual problem

max —H*(—K*u) — {f | u).
ucRp

The dual problem:

max —F* (~A"u) — R*(~B"u) — (f |u). (2)
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Outline

@ Dual ascent

@ Alternating Direction Method of Multipliers

® Douglas-Rachford splitting method

@ Two variants of ADMM



Problem aas—etul

Primal problem

)I(Ié%g {¢(x) = {F(x) such that Kx=f}}.

Dual ascent 0000 4/17



Problem

sl
Primal problem

)r(relliRl} {¢(x) = {F(x) such that Kx=f}}.

Definition - Lagrangian multiplier

Letu € R™,

2 (x;u) = F(x) + (u[Kx —f).

Dual ascent €0000 0O 0000 0O O 4/17



Problem al ‘\a%}’;ruﬂf

Primal problem

)r(relliRl} {¢(x) = {F(x) such that Kx=f}}.

Definition - Lagrangian multiplier

Letu € R™,

2 (x;u) = F(x) + (u[Kx —f).

Dual problem

max {1(u) = —F*(—K*u) — (f |u)}.

ucRm

Dual ascent €0000 0O 0000 0O O 4/17



Dual ascent AN\FsTU

Consider solving

min max {ZL(xu) = F(x)+ (u|Kx —f)}.

Dual ascent ceooo 5/17



Dual ascent ans—ant

Consider solving

min max {ZL(xu) = F(x)+ (u|Kx —f)}.

Algorithm - Dual ascent

x0+D) € Argmin, 2 (x; u®)
€ Argmin, F(x) + <u(k) | Kx —f)
u(k+1) = u(k) + ’yk(Kx(k+1) - f)a Yk >0

Dual ascent 08000 00 0000 00 O 5/17



Dual ascent P

Consider solving

min max {ZL(xu) = F(x)+ (u|Kx —f)}.

Algorithm - Dual ascent

x0+D) € Argmin, 2 (x; u®)
€ Argmin, F(x) + <u(k) | Kx —f)
u(k+1) = u(k) + ’yk(Kx(k+1) - f)a Yk >0

m Gradient ascent for dual problem
u(k+1) — u(k) + pykw(u(k))
m Vi (u) = KX — f when X = argmin, 2 (x;u).

m Works, but needs many strong conditions.

Dual ascent 08000 00 0000 00 O 5/17



Dual decomposition ATNE=rs U

Suppose F is separable

F(x) = Fi(x1) + -+ Folxe), x=(x],- x)".

Dual ascent ocoeoo 6/17



Dual decomposition

Suppose F is separable
F(x) = Fi(x1) + -+ Felxe), x=(x], -~ x)".
m 7 isthen separable inx: Z(x;u) = £ (x1;u) + - - - + Z(x¢;u) with
Zi(xi;u) = F(x) + (u | Kix;), i=1,..,¢

Dual ascent ocoeoo

6/17



Dual decomposition SN

Suppose F is separable
F(x) = Fu(x1) + -+ Folxe), x = (x1, -~ x])".
m 7 isthen separable inx: Z(x;u) = £ (x1;u) + - - - + Z(x¢;u) with
Zixi;u) = Fi(x) + (u | Kixi), i=1,..,¢.
B x-minimization in dual ascent splits into £ separate minimizations
(k+1) € Argmin, .Zj(x;; u),

which can be done in parallel fashlon

Dual ascent ocoeoo 6/17



Dual decomposition

Suppose F is separable
F(x) = Fu(x1) + -+ Folxe), x = (x1, -~ x])".
m 7 isthen separable inx: Z(x;u) = £ (x1;u) + - - - + Z(x¢;u) with
Zi(xi;u) = Fi(x) + (u |Kixi), i=1,..,¢
B x-minimization in dual ascent splits into £ separate minimizations
(k+1) € Argmin, .Zj(x;;u u),

which can be done in parallel fashlon

Dual decomposition

x,.(k+1) € Argmin, L,~(x,~,u(k))7 i=1,..,¢,

ultD) = 4 (L Kt —f).
m Scatter u®), update x; in parallel, and gather K,x(k+1)

m Waiting for the slowest x; update.

Dual ascent 0o0eoo
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Augmented Lagrangian P

Primal problem

)I(Ié%g {¢(x) = F(x) such that Kx=f}.

Dual ascent o0ooeo 7/17



Augmented Lagrangian Aa=smd L

Primal problem

h th =
)I(IGl%&Irll {¢(x) =F(x) such that Kx=f}.

Definition - Augmented Lagrangian

Letp > 0andu € R,

Zp(x:u) = F(0) + (u | Kx — ) + £ Kx — [

Dual ascent 00080 0O 0000 00 O 7/17



Augmented Lagrangian Ae=es L

/NI SJTU

Primal problem

h th =
)I(IGl%&Irll {¢(x) = F(x) such that Kx=f}.

Definition - Augmented Lagrangian

Letp > 0andu € R,

Zp(x:u) = F(0) + (u | Kx — ) + £ Kx — [
Alternative formulation Let p > 0

in F P . 2
min F(x) + 7 [Kx —f|
such that Kx =f.

Dual ascent 00080 0O 0000 00 O 7/17



Method of multipliers Ae=ral

Algorithm - Method of multipliers

x ) ¢ Argmin, %, (x;u)
€ Argmin, F(x) + £]Kx — f +u® /p|*
u(k-l—l) _ u(k) + p(Kx(k+1) —f)

m Specific step-size for dual update.
m Weaker conditions for convergence: non-smooth F.

m How |Kx — f||* destroy the separable structure of x.

Dual ascent 0000@ 0O 0000 00 O 8/17



Alternating Direction Method of Multipliers

ADMM, dual formulation



Alternating direction method of multipliers P

Primal problem

etitan T TRO) (#)

such that Ax + By =f.

Alternating Direction Method of Multipliers o0 9/17



Alternating direction method of multipliers N

Primal problem

xeﬂg’lj’ng F(X) * R(Y), (:@)

such that Ax + By =f.
Lagrangian multiplier
Z(x,y;u) = F(x) + R(y) + (u | Ax+By —f).

max min .Z(x,y;u) = maxminF(x) + R(y) + (u | Ax + By —f)
u Xy

u Xy
= maxminF(x) + (A*u | x) + R(y) + (B*u |y) — (u | f)

u X,y

u X

= maxminF(x) — (—A*u | x) + myin R(y) — (—B*u|y) — (u|f)
= max — mftx(—A*u |x) — F(x) — m;xx(—B*u ly) —R(y) — (u|f)

= méix —F*(—A*u) — R*(—B*U) — <U |f>

Alternating Direction Method of Multipliers o0 9/17



Alternating direction method of multipliers P S———

Primal problem

xeﬂg’lj’IéRm F(X) * R(Y), (:@)

such that Ax + By =f.
Augmented Lagrangian Let p > 0
Z,(x,y;u) = F(x) + R(y) + (u| Ax + By — f) + B||Ax + By —fl

Alternating Direction Method of Multipliers o0 9/17



Alternating direction method of multipliers P

Primal problem

ceiin F(x)+R(y), )

such that Ax + By =f.

Algorithm - Method of multiplier

(", yHY) € Argmin, .2, (x,y;u)

(k)2
= Argmin, F(x) + R(y) + §||Ax +By —f+ul/p? - M1

2p
kD) = o 4 p(Ax(k+1) + By(k+D) —f).

Alternating Direction Method of Multipliers 00000 80 0000 00 O 9/17



Alternating direction method of multipliers A=l

Primal problem

eRiign PO TRU). ()

such that Ax + By =f.

Algorithm - ADMM [ 1

x**1 e Argmin,, fp(x,y(k);u(k))

(k)2
— Argmin, F(x) + Ry®) + §||Ax+By(") fru® /) - ||u2p|| ’
y*+! € Argmin, &, (x", y;u®)

_ w®p?

= Argmin, F(x**D) + R(y) + §||Ax(k+1) +By —f+u®/p|? %

)

) — y® 4 paxHD 4 gyt _ gy

m In general NO closed form for x(¥), y(®),
m x*t1) s unique if A has full column rank, same for B in y®) update.

Alternating Direction Method of Multipliers 00000 @0 O 9/17




Alternating direction method of multipliers T

Basic convergence result
m Assumption
® R, F are proper convex and closed.
® L,—o has saddle-point.

m Convergence
® Objective function value F(x()) + R(y®)) — p*.
* Feasibility Ax(K) +By®) —f — 0.

m Stronger assumption needed for the convergence of sequence.

Alternating Direction Method of Multipliers o0 9/17



Dual interpretation of ADMM o=l

Alternating Direction Method of Multipliers 00000 0® 0000 00 O 10/17



Dual interpretation of ADMM FzsuTu
x(F1) ¢ Argmin, F(x) + §||Ax + By —f + u(k)/p||2.

Define 2!) = u® — p(By") —f) and wl+1) = p(Ax*+D) + By —f +u /p)
0 € OF(x*HD) L ATW(HD o _ ATw(H) ¢ gF(x(HD)
& xkHD ¢ g (—ATwk D)
& — A € g(F* o —AT) (WD)
o wlkt) _ pax ) € Wkt 4 pa(Fs o —AT) (wikHD)

o wktD) = (ld+ pA(F* o _AT))*l(w(k-i-l) _ pr(k+1))

Alternating Direction Method of Multipliers oe 10/17



Dual interpretation of ADMM o=l

Alternating Direction Method of Multipliers 00000 0® 0000 00 O 10/17



Dual interpretation of ADMM S

yl+d) ¢ Argmin, R(y) + §||Ax(k+1) +By —f+ul/p|?.

Recall zK) = u®) — p(By® —f) and let u**t1) = p(Ax*+1D) 4 By+1) _f 4 yk) /p)

0 € OR(y* V) 4 BTuk+D) o

— BTyk+1) ¢ 8R(y(k+1))

oyt ¢ 8R*(_BTu(k+1))

=

—By**D € 9(R* o —B") (uk+1)

= u(k+1) _pBy(k-‘rl) e u(k-‘rl) —I—pa(R* o _BT)(u(k—H))

o gkt — (Id+p8(R* ° _BT))*l(u(k-H) _ pBy(k+1)>

=

Alternating Direction Method of Multipliers

utD) = (1d 4 pd(R* o —BT)) " (WD) 420 —ul) — pf) |

oce




Dual interpretation of ADMM Are=rsmd

Note that
z(k+1) _ u(k+1) _ p(By(k—H) —f)
= p(Ax(+D) gy £y /5y — pBy kD) )
— x| y®
— W(k""l) _|_ z(k) — 2u(k) + u(k)
= W(k+1) _|_ z(k) — u(k)'

Algorithm - Dual characterization of ADMM

wtD — (1d 4 pd(F* o —AT)) "' (2u® — 2)
20D _ (kD) | 200 _ 40

u® D = (1d + pd(R* o —B")) " (2*+D — pf)

Alternating Direction Method of Multipliers 00000 0® 0000 00 O 10/17



Dual interpretation of ADMM rssmul

The dual problem:
min F*(—A*u) + R*(—B*u) + (f | u).
UcRP
Optimality condition
0 € —AJF*(—A"u*) — BOR*(—B*u*) +f

Algorithm - Dual characterization of ADMM

w) = (1d + pd(F* o —AT))_1(2u(") —z()
2041 — (kD) (0 _ (0

u® D = (1d + pd(R* o —B")) " (2*FD — pf)

Alternating Direction Method of Multipliers 00000 0 O 10/17




Douglas-Rachford splitting method

Convergence of ADMM



Sum of two monotone operators

M™NFrsiTul 1

Problem - Monotone inclusion

find x € R" such that 0 € A(x) + B(x),

where
m A, B :R" = R" are maximal monotone.
m the resolvents of A, B are easy to compute.
m zer(A+ B) # 0.

Example - Non-smooth optimization

Let F,R € [y(R")

0 € OF(x*) + OR(x*) = x* € Argmin(F + R).

Douglas-Rachford splitting method 00000 0O 000 0O O 1/17



Fixed-point characterization P

Givenx* € zer(A + B), let v > 0, there exists z* € R" such hat
X" —z" € yA(xY)
0 € yA(x* B(x*) <=
TAX) + 7 Bx") {z*_x*ew(x*)
A& — 72" ex* 4+ yA(XY)
=
z* e x* +yB(x¥)
x* = (ld +~vA) " (2x* — z¥)
— * —1 (%
x* = (ld+~B) " (z")

Douglas-Rachford splitting method 0e00 12/17



Fixed-point characterization o

Givenx* € zer(A + B), let v > 0, there exists z* € R" such hat
X" —z" € yA(xY)

0 € yAX") +vB(x*) <= {z* X e Bx)

A& — 72" ex* 4+ yA(XY)
= .
z* e x* +yB(x¥)

x* = (Id +yA) "~ (2x*F —2*)
—
x* = (Id +~yB)~(z*)
Let A > 0, then
75 =7 + \((ld +~A) "' (2" — 2*) —x*)
x* = (ld +~+B)~'(z*)

Douglas-Rachford splitting method 0e00 12/17



Douglas-Rachford splitting method A=z

Algorithm - Douglas-Rachford splitting method

Lety > 0and )\ €)0,2],
{Z(k+1) =20 4 )\(J’yA(ZX(k) —z0) _x(k))

XKD = 7 g (kD)

Douglas-Rachford splitting method 00000 0O 0080 0O O 13/17



Douglas-Rachford splitting method STNF=2SITU

Algorithm - Douglas-Rachford splitting method

Lety > 0and A €]0, 2,
{z(k+1) =20 4 A(JVA@X('() —z0) _x(k))

XKD = 7 g (kD)

Alternative expression
W(k+1) — j’y.A(Qx(k) _z(k))

z(k+1) — z(k) + A(w(k'i']-) _ x(k))

) = 7 (20D

Douglas-Rachford splitting method 00000 0O 0080 0O O 13/17



Douglas-Rachford splitting method Arv=rsmul

Algorithm - Douglas-Rachford splitting method

Lety > 0and A €]0, 2],

204D = 200 4\ (7, (2% — 200) — x(®))
X+ = 7 (201

Fixed-point iteration

z(k+1) — z(k) + )\(j A(zx(k) _z(k)) _x(k))

2D — Z0

(
200 — 200 4 A
2040 = 200 4 ¢

r1u1t1e

Douglas-Rachford splitting method

(1) — 20 )\(j A(gij z(k)) _z(k)) T B(Z(k)))

+ 22,0 (2,5 — d)(2¥) — 27,5(2Y) + 209 — 209)
S (2T a0 (27,5 —1d)(2Y) — (27,5 — ) (2%) —209)
> (25 —1d) 0 (2735 — Id)(2)) — 20)

2D = (1 = X)z® 4 N %((w7 4 —ld)o (27,5 — Id) + id) |(z))

00000 0O 0080 0O O 13/17



Douglas-Rachford splitting method Arv=rsmul

Algorithm - Douglas-Rachford splitting method
Lety > 0and A €]0, 2],
{z(k+1) =z(0 4 )\(ij(gx(k) —z() _x(k))

XK+ = 75 (204D

Proposition - Fixed-point operator of Douglas-Rachford

Lety > 0, and
JpRr = %((2\77.»4 —Id) o (27,5 — Id) + ’d)'

Then
B Fpg is firmly non-expansive.

(1 —M)d+ A\Fpg is %-averaged non-expansive.

Douglas-Rachford splitting method 00000 0O 0080 0O O 13/17



Convergence R

I N Lod U L

Proposition - Convergence

Let A, B : R" = R" be maximally monotone such that zer(A + B) # (. Let A\x € [0, 2] such that
Yk A(2 — A) = 400, and let v > 0. Considering

w(k+1) = jWA(Zx(k) _z(k))
z(k+1) = Z(k) SIS )\k (W(k) _ x(k))
XD — 7 (gD
Then there exists z* € fix(Fpg) such thatzK) — z*. Setx* = 7,5(z*), then

mw —x0 0,

mx® — x* andw® — x*,

m For ADMM, if A and B have full column rank, then convergence of sequence can be derived.

Douglas-Rachford splitting method 00000 0O 0008 0O O 14/17



Two variants of ADMM

Scaled iteration, and precondition



Dual scaled ADMM P

Augmented Lagrangian Let p > 0

Z,(x,y;u) = F(x) + R(y) + ZJAx + By —f +u/p|* ""l

Two variants of ADMM o0 15/17



Dual scaled ADMM ANy=zsmd(

Augmented Lagrangian Let p > 0
Zy(x.y:u) = F0) + R(y) + 2JAx -+ By — f +u/p]” — oL

Scaledualv =u/p
ut =u+p(Ax+By —f) = v" =v+ (Ax+By —f).

Algorithm - Dual scaled ADMM

x4+ € Argmin, F(x) + 2 Ax +By") —f +v{ I,

y**V € Argmin, R(y) + £ JAx*V) 1 By — f 4 v(¥ I,
v(k+1) — V(k) L (Ax(k+1) - By(k+1) _ f)

Two variants of ADMM 00000 0O 0000 @0 O 15/17



Preconditioned ADMM o

x(F € Argmin, F(x) + 2[Ax +By® —f 4 v 1.

Two variants of ADMM oe 16/17



Preconditioned ADMM P

x 1) ¢ Argmin, F(x) + 2 lAx + By —f + v,

m Letw®) = —(By® —f +v)
x**D e Argmin, F(x) + gHAx —w 2,

No closed form solution due to A.

Two variants of ADMM oe 16/17



Preconditioned ADMM -

x 1) ¢ Argmin, F(x) + 2 lAx + By —f + v,

m Letw®) = —(By® —f +v)
x**D e Argmin, F(x) + gHAX —w 2,
No closed form solution due to A.
m Let Q be symmetric and positive definite, and

XD € Argmin, F(x) + £Ax —w®* + Jx —x®.

Two variants of ADMM oe 16/17



Preconditioned ADMM -l
x 1) ¢ Argmin, F(x) + 2 lAx + By —f + v,

m Letw®) = —(By®) —f +v(k)
x**D e Argmin, F(x) + gHAX —w 2,
No closed form solution due to A.
m Let Q be symmetric and positive definite, and
XD € Argmin, F(x) + £Ax —w®* + Jx —x®.
m Choose Q = %Id — pATA, 7 is smaller enough such that Q is SPD
xUHD € Argmin, F(x) + 2]Ax —w®|* + Ljx —x®|2
0 ¢ OF(x*TD) 1 pAT (A — W)y 1 Q(x(k+1) — x(k))
pATw®) € OF (x D)) 1 pATAX(HD) - Lkt D) paTAx (kD) gx(0)
pATw® + Qx®) € gF (x*k D)) 4 Lx(k+D)
x* D = (1d/7 + oF) ' (pATW® + Qx ™)

t T e

Two variants of ADMM oe 16/17
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