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Previously

Principal component pursuit Let µ > 0,

min
xxx,yyy∈Rm×n

||xxx||∗ + µ||yyy||1,

such that xxx + yyy = fff.
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Previously

Principal component pursuit Let µ > 0,

min
xxx,yyy∈Rm×n

||xxx||∗ + µ||yyy||1,

such that xxx + yyy = fff.

Problem - Non-smooth optimization problem

Consider
min

xxx∈Rm,yyy∈Rn
F(xxx) + R(yyy),

such that AAAxxx + BBByyy = fff.

with

F ∈ Γ0(Rm), R ∈ Γ0(Rn)

fff ∈ Rp, AAA : Rm → Rp and BBB : Rn → Rp are bounded linear.
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Duality

Definition - Primal and dual problem

Let F ∈ Γ0(Rn) and R ∈ Γ0(Rm), let KKK : Rn → Rm be bounded linear. Then

The primal problem

min
xxx∈Rn

F(xxx) + R(KKKxxx).

The dual problem

max
uuu∈Rm

−F∗(−KKK∗uuu)− R∗(uuu).

3/17



Duality

Definition - Primal and dual problem

Let F ∈ Γ0(Rn) and R ∈ Γ0(Rm), let KKK : Rn → Rm be bounded linear. Then

The primal problem

min
xxx∈Rn

F(xxx) + R(KKKxxx).

The dual problem

max
uuu∈Rm

−F∗(−KKK∗uuu)− R∗(uuu).

Let S = {fff} ⊂ Rm and R(yyy) = ιS(yyy), then

The primal problem

min
xxx∈Rn

F(xxx) + R(KKKxxx) ⇐⇒ min
xxx∈Rn

F(xxx) such that KKKxxx = fff.

The dual problem

max
uuu∈Rm

−F∗(−KKK∗uuu)− 〈fff | uuu〉.
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Duality

Consider the primal problem: let AAA : Rn → Rp and BBB : Rm → Rp

min
xxx∈Rn,yyy∈Rm

F(xxx) + R(yyy) such that AAAxxx + BBByyy = fff. (P)
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Consider the primal problem: let AAA : Rn → Rp and BBB : Rm → Rp

min
xxx∈Rn,yyy∈Rm

F(xxx) + R(yyy) such that AAAxxx + BBByyy = fff. (P)

Define

zzz =

(
xxx

yyy

)
, H(zzz) = F(xxx) + R(yyy) and KKK =

[
AAA BBB

]
.

Then (P) is equivalent to

min
zzz∈Rm+n

H(zzz) such that KKKzzz = fff
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Duality

Consider the primal problem: let AAA : Rn → Rp and BBB : Rm → Rp

min
xxx∈Rn,yyy∈Rm

F(xxx) + R(yyy) such that AAAxxx + BBByyy = fff. (P)

Define

zzz =

(
xxx

yyy

)
, H(zzz) = F(xxx) + R(yyy) and KKK =

[
AAA BBB

]
.

Then (P) is equivalent to

min
zzz∈Rm+n

H(zzz) such that KKKzzz = fff

Dual problem

max
uuu∈Rp

−H∗(−KKK∗uuu)− 〈fff | uuu〉.

The dual problem:

max
uuu∈Rp

−F∗(−AAA∗uuu)− R∗(−BBB∗uuu)− 〈fff | uuu〉. (D )
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Problem

Primal problem

min
xxx∈Rn

{
φ(xxx) = {F(xxx) such that KKKxxx = fff}

}
.

Definition - Lagrangian multiplier

Let uuu ∈ Rm,

L (xxx;uuu)
def
= F(xxx) + 〈uuu | KKKxxx − fff〉.

Dual problem

max
uuu∈Rm

{
ψ(uuu) = −F∗(−KKK∗uuu)− 〈fff | uuu〉

}
.
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Dual ascent

Consider solving

min
xxx∈Rn

max
uuu∈Rm

{
L (xxx;uuu)

def
= F(xxx) + 〈uuu | KKKxxx − fff〉

}
.

Algorithm - Dual ascent

xxx(k+1) ∈ Argminxxx L (xxx;uuu(k))

∈ Argminxxx F(xxx) + 〈uuu(k) | KKKxxx − fff〉
uuu(k+1) = uuu(k) + γk(KKKxxx

(k+1) − fff), γk > 0

Gradient ascent for dual problem

uuu(k+1) = uuu(k) + γkψ(uuu
(k)).

∇ψ(uuu) = KKKxxx − fff when xxx = argminxxxL (xxx;uuu).

Works, but needs many strong conditions.
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Dual decomposition

Suppose F is separable

F(xxx) = F1(xxx1) + · · ·+ F`(xxx`), xxx = (xxxT1, · · · ,xxxT`)T.

L is then separable in xxx: L (xxx;uuu) = L1(xxx1;uuu) + · · ·+ L`(xxx`;uuu) with

Li(xxxi;uuu) = Fi(xxx) + 〈uuu | KKKixxxi〉, i = 1, ..., `.

x-minimization in dual ascent splits into ` separate minimizations

xxx
(k+1)
i ∈ ArgminxxxiLi(xxxi;uuu

(k)).

which can be done in parallel fashion

Dual decomposition

xxx
(k+1)
i ∈ Argminxxxi Li(xxxi,uuu

(k)), i = 1, ..., `,

uuu(k+1) = uuu(k) + γk
(∑`

i=1KKKixxx
(k+1)
i − fff

)
.

Scatter uuu(k), update xxxi in parallel, and gather KKKixxx
(k+1)
i .

Waiting for the slowest xxxi update.
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Augmented Lagrangian

Primal problem

min
xxx∈Rn

{
φ(xxx) = F(xxx) such that KKKxxx = fff

}
.

Definition - Augmented Lagrangian

Let ρ > 0 and uuu ∈ Rm,

Lρ(xxx;uuu)
def
= F(xxx) + 〈uuu | KKKxxx − fff〉+ ρ

2
||KKKxxx − fff||2.

Alternative formulation Let ρ > 0

min
xxx∈Rn

F(xxx) +
ρ

2
||KKKxxx − fff||2

such that KKKxxx = fff.
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Method of multipliers

Algorithm - Method of multipliers

xxx(k+1) ∈ Argminxxx Lρ(xxx;uuu
(k))

∈ Argminxxx F(xxx) +
ρ

2
||KKKxxx − fff + uuu(k)/ρ||2

uuu(k+1) = uuu(k) + ρ(KKKxxx(k+1) − fff)

Specific step-size for dual update.

Weaker conditions for convergence: non-smooth F.

How ||KKKxxx − fff||2 destroy the separable structure of xxx.

Dual ascent 8/17



Alternating Direction Method of Multipliers

ADMM, dual formulation



Alternating direction method of multipliers

Primal problem

min
xxx∈Rn,yyy∈Rm

F(xxx) + R(yyy),

such that AAAxxx + BBByyy = fff.
(P)
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Alternating direction method of multipliers

Primal problem

min
xxx∈Rn,yyy∈Rm

F(xxx) + R(yyy),

such that AAAxxx + BBByyy = fff.
(P)

Lagrangian multiplier

L (xxx,yyy;uuu)
def
= F(xxx) + R(yyy) + 〈uuu | AAAxxx + BBByyy − fff〉.

max
uuu

min
xxx,yyy

L (xxx,yyy;uuu) = max
uuu

min
xxx,yyy

F(xxx) + R(yyy) + 〈uuu | AAAxxx + BBByyy − fff〉

= max
uuu

min
xxx,yyy

F(xxx) + 〈AAA∗uuu | xxx〉+ R(yyy) + 〈BBB∗uuu | yyy〉 − 〈uuu | fff〉

= max
uuu

min
xxx
F(xxx)− 〈−AAA∗uuu | xxx〉+ min

yyy
R(yyy)− 〈−BBB∗uuu | yyy〉 − 〈uuu | fff〉

= max
uuu

−max
xxx

〈−AAA∗uuu | xxx〉 − F(xxx)− max
yyy

〈−BBB∗uuu | yyy〉 − R(yyy)− 〈uuu | fff〉

= max
uuu

−F∗(−AAA∗uuu)− R∗(−BBB∗uuu)− 〈uuu | fff〉
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Alternating direction method of multipliers

Primal problem

min
xxx∈Rn,yyy∈Rm

F(xxx) + R(yyy),

such that AAAxxx + BBByyy = fff.
(P)

Augmented Lagrangian Let ρ > 0

Lρ(xxx,yyy;uuu)
def
= F(xxx) + R(yyy) + 〈uuu | AAAxxx + BBByyy − fff〉+ ρ

2
||AAAxxx + BBByyy − fff||2

= F(xxx) + R(yyy) +
ρ

2
||AAAxxx + BBByyy − fff + uuu/ρ||2 − ||uuu||2

2ρ
.
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Alternating direction method of multipliers

Primal problem

min
xxx∈Rn,yyy∈Rm

F(xxx) + R(yyy),

such that AAAxxx + BBByyy = fff.
(P)

Algorithm - Method of multiplier

(xxx(k+1),yyy(k+1)) ∈ Argminxxx Lρ(xxx,yyy;uuu
(k))

= Argminxxx F(xxx) + R(yyy) +
ρ

2
||AAAxxx + BBByyy − fff + uuu(k)/ρ||2 − ||uuu(k)||2

2ρ
,

uuu(k+1) = uuu(k) + ρ(AAAxxx(k+1) + BBByyy(k+1) − fff).
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Alternating direction method of multipliers

Primal problem

min
xxx∈Rn,yyy∈Rm

F(xxx) + R(yyy),

such that AAAxxx + BBByyy = fff.
(P)

Algorithm - ADMM [Gabay, Mercier, Glowinski, Marrocco ’76]

xxx(k+1) ∈ Argminxxx Lρ(xxx,yyy
(k);uuu(k))

= Argminxxx F(xxx) + R(yyy(k)) +
ρ

2
||AAAxxx + BBByyy(k) − fff + uuu(k)/ρ||2 − ||uuu(k)||2

2ρ
,

yyy(k+1) ∈ Argminyyy Lρ(xxx
(k+1),yyy;uuu(k))

= Argminyyy F(xxx(k+1)) + R(yyy) +
ρ

2
||AAAxxx(k+1) + BBByyy − fff + uuu(k)/ρ||2 − ||uuu(k)||2

2ρ
,

uuu(k+1) = uuu(k) + ρ(AAAxxx(k+1) + BBByyy(k+1) − fff).

In general NO closed form for xxx(k),yyy(k).

xxx(k+1) is unique if AAA has full column rank, same for BBB in yyy(k) update.
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Alternating direction method of multipliers

Basic convergence result

Assumption

• R, F are proper convex and closed.

• Lρ=0 has saddle-point.

Convergence

• Objective function value F(xxx(k)) + R(yyy(k)) → µ?.

• Feasibility AAAxxx(k) + BBByyy(k) − fff → 000.

Stronger assumption needed for the convergence of sequence.

Alternating Direction Method of Multipliers 9/17



Dual interpretation of ADMM

xxx(k+1) ∈ Argminxxx F(xxx) +
ρ

2
||AAAxxx + BBByyy(k) − fff + uuu(k)/ρ||2.
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Dual interpretation of ADMM

xxx(k+1) ∈ Argminxxx F(xxx) +
ρ

2
||AAAxxx + BBByyy(k) − fff + uuu(k)/ρ||2.

Define zzz(k) = uuu(k) − ρ(BBByyy(k) − fff) andwww(k+1) = ρ(AAAxxx(k+1) + BBByyy(k) − fff + uuu(k)/ρ)

000 ∈ ∂F(xxx(k+1)) + AAATwww(k+1) ⇔ − AAATwww(k+1) ∈ ∂F(xxx(k+1))

⇔ xxx(k+1) ∈ ∂F∗
(
−AAATwww(k+1)

)
⇔ − AAAxxx(k+1) ∈ ∂(F∗ ◦ −AAAT)(www(k+1))

⇔ www(k+1) − ρAAAxxx(k+1) ∈ www(k+1) + ρ∂(F∗ ◦ −AAAT)(www(k+1))

⇔ www(k+1) =
(
IIIddd+ ρ∂(F∗ ◦ −AAAT)

)−1
(www(k+1) − ρAAAxxx(k+1))

⇔ www(k+1) =
(
IIIddd+ ρ∂(F∗ ◦ −AAAT)

)−1
(2uuu(k) − zzz(k)) .
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Dual interpretation of ADMM

yyy(k+1) ∈ Argminyyy R(yyy) +
ρ

2
||AAAxxx(k+1) + BBByyy − fff + uuu(k)/ρ||2.
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Dual interpretation of ADMM

yyy(k+1) ∈ Argminyyy R(yyy) +
ρ

2
||AAAxxx(k+1) + BBByyy − fff + uuu(k)/ρ||2.

Recall zzz(k) = uuu(k) − ρ(BBByyy(k) − fff) and let uuu(k+1) = ρ(AAAxxx(k+1) + BBByyy(k+1) − fff + uuu(k)/ρ)

000 ∈ ∂R(yyy(k+1)) + BBBTuuu(k+1) ⇔ − BBBTuuu(k+1) ∈ ∂R(yyy(k+1))

⇔ yyy(k+1) ∈ ∂R∗
(
−BBBTuuu(k+1)

)
⇔ − BBByyy(k+1) ∈ ∂(R∗ ◦ −BBBT)(uuu(k+1))

⇔ uuu(k+1) − ρBBByyy(k+1) ∈ uuu(k+1) + ρ∂(R∗ ◦ −BBBT)(uuu(k+1))

⇔ uuu(k+1) =
(
IIIddd+ ρ∂(R∗ ◦ −BBBT)

)−1
(uuu(k+1) − ρBBByyy(k+1))

⇔ uuu(k+1) =
(
IIIddd+ ρ∂(R∗ ◦ −BBBT)

)−1
(www(k+1) + zzz(k) − uuu(k) − ρfff) .
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Dual interpretation of ADMM

Note that
zzz(k+1) = uuu(k+1) − ρ(BBByyy(k+1) − fff)

= ρ(AAAxxx(k+1) + BBByyy(k+1) − fff + uuu(k)/ρ)− ρ(BBByyy(k+1) − fff)

= ρAAAxxx(k+1) + uuu(k)

= www(k+1) + zzz(k) − 2uuu(k) + uuu(k)

= www(k+1) + zzz(k) − uuu(k).

Algorithm - Dual characterization of ADMM

www(k+1) =
(
IIIddd+ ρ∂(F∗ ◦ −AAAT)

)−1
(2uuu(k) − zzz(k))

zzz(k+1) = www(k+1) + zzz(k) − uuu(k)

uuu(k+1) =
(
IIIddd+ ρ∂(R∗ ◦ −BBBT)

)−1
(zzz(k+1) − ρfff)
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Dual interpretation of ADMM

The dual problem:

min
uuu∈Rp

F∗(−AAA∗uuu) + R∗(−BBB∗uuu) + 〈fff | uuu〉.

Optimality condition

000 ∈ −AAA∂F∗(−AAA∗uuu?)− BBB∂R∗(−BBB∗uuu?) + fff

Algorithm - Dual characterization of ADMM

www(k+1) =
(
IIIddd+ ρ∂(F∗ ◦ −AAAT)

)−1
(2uuu(k) − zzz(k))

zzz(k+1) = www(k+1) + zzz(k) − uuu(k)

uuu(k+1) =
(
IIIddd+ ρ∂(R∗ ◦ −BBBT)

)−1
(zzz(k+1) − ρfff)
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Douglas–Rachford splitting method

Convergence of ADMM



Sum of two monotone operators

Problem - Monotone inclusion

find xxx ∈ Rn such that 000 ∈ A(xxx) + B(xxx),

where

A,B : Rn ⇒ Rn are maximal monotone.

the resolvents of A, B are easy to compute.

zer(A+ B) 6= ∅.

Example - Non-smooth optimization

Let F, R ∈ Γ0(Rn)

000 ∈ ∂F(xxx?) + ∂R(xxx?) =⇒ xxx? ∈ Argmin(F + R).
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Fixed-point characterization

Given xxx? ∈ zer(A+ B), let γ > 0, there exists zzz? ∈ Rn such hat

000 ∈ γA(xxx?) + γB(xxx?) ⇐⇒

{
xxx? − zzz? ∈ γA(xxx?)

zzz? − xxx? ∈ γB(xxx?)

⇐⇒

{
2xxx? − zzz? ∈ xxx? + γA(xxx?)

zzz? ∈ xxx? + γB(xxx?)

⇐⇒

{
xxx? = (IIIddd+ γA)−1(2xxx? − zzz?)

xxx? = (IIIddd+ γB)−1(zzz?)
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Fixed-point characterization

Given xxx? ∈ zer(A+ B), let γ > 0, there exists zzz? ∈ Rn such hat

000 ∈ γA(xxx?) + γB(xxx?) ⇐⇒

{
xxx? − zzz? ∈ γA(xxx?)

zzz? − xxx? ∈ γB(xxx?)

⇐⇒

{
2xxx? − zzz? ∈ xxx? + γA(xxx?)

zzz? ∈ xxx? + γB(xxx?)

⇐⇒

{
xxx? = (IIIddd+ γA)−1(2xxx? − zzz?)

xxx? = (IIIddd+ γB)−1(zzz?)

Let λ > 0, then {
zzz? = zzz? + λ

(
(IIIddd+ γA)−1(2xxx? − zzz?)− xxx?

)
xxx? = (IIIddd+ γB)−1(zzz?)
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zzz(k+1) = zzz(k) + λ

(
JγA(2xxx

(k) − zzz(k))− xxx(k)
)

xxx(k+1) = JγB(zzz
(k+1))

Fixed-point iteration

zzz(k+1) = zzz(k) + λ
(
JγA(2xxx

(k) − zzz(k))− xxx(k)
)

⇐⇒ zzz(k+1) = zzz(k) + λ
(
JγA

(
2JγB(zzz

(k))− zzz(k)
)
− JγB(zzz

(k))
)

⇐⇒ zzz(k+1) = zzz(k) +
λ

2

(
2JγA ◦ (2JγB − IIIddd)(zzz(k))− 2JγB(zzz

(k)) + zzz(k) − zzz(k)
)

⇐⇒ zzz(k+1) = zzz(k) +
λ

2

(
2JγA ◦ (2JγB − IIIddd)(zzz(k))− (2JγB − IIIddd)(zzz(k))− zzz(k)

)
⇐⇒ zzz(k+1) = zzz(k) +

λ

2

(
(2JγA − IIIddd) ◦ (2JγB − IIIddd)(zzz(k))− zzz(k)

)
⇐⇒ zzz(k+1) = (1− λ)zzz(k) + λ

1

2

(
(2JγA − IIIddd) ◦ (2JγB − IIIddd) + IIIddd

)
(zzz(k))
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Douglas–Rachford splitting method

Algorithm - Douglas–Rachford splitting method

Let γ > 0 and λ ∈]0, 2[, {
zzz(k+1) = zzz(k) + λ

(
JγA(2xxx

(k) − zzz(k))− xxx(k)
)

xxx(k+1) = JγB(zzz
(k+1))

Proposition - Fixed-point operator of Douglas–Rachford

Let γ > 0, and

FDR =
1

2

(
(2JγA − IIIddd) ◦ (2JγB − IIIddd) + IIIddd

)
.

Then

FDR is firmly non-expansive.

(1− λ)IIIddd+ λFDR is λ
2 -averaged non-expansive.
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Convergence

Proposition - Convergence

LetA,B : Rn ⇒ Rn be maximally monotone such that zer(A+ B) 6= ∅. Let λk ∈ [0, 2] such that∑
k
λk(2− λk) = +∞, and let γ > 0. Considering

www(k+1) = JγA(2xxx
(k) − zzz(k))

zzz(k+1) = zzz(k) + λk
(
www(k) − xxx(k)

)
xxx(k+1) = JγB(zzz

(k+1))

Then there exists zzz? ∈ fix(FDR) such that zzz(k) → zzz?. Set xxx? = JγB(zzz
?), then

www(k) − xxx(k) → 000.

xxx(k) → xxx? andwww(k) → xxx?.

For ADMM, if AAA and BBB have full column rank, then convergence of sequence can be derived.
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Two variants of ADMM

Scaled iteration, and precondition



Dual scaled ADMM

Augmented Lagrangian Let ρ > 0

Lρ(xxx,yyy;uuu) = F(xxx) + R(yyy) +
ρ

2
||AAAxxx + BBByyy − fff + uuu/ρ||2 − ||uuu||2

2ρ
.

Scale dual vvv = uuu/ρ

uuu+ = uuu+ ρ(AAAxxx + BBByyy − fff) =⇒ vvv+ = vvv + (AAAxxx + BBByyy − fff).

Algorithm - Dual scaled ADMM

xxx(k+1) ∈ Argminx F(xxx) +
ρ

2
||AAAxxx + BBByyy(k) − fff + vvv(k)||2,

yyy(k+1) ∈ Argminy R(yyy) +
ρ

2
||AAAxxx(k+1) + BBByyy − fff + vvv(k)||2,

vvv(k+1) = vvv(k) + (AAAxxx(k+1) + BBByyy(k+1) − fff).
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Preconditioned ADMM

xxx(k+1) ∈ Argminx F(xxx) +
ρ

2
||AAAxxx + BBByyy(k) − fff + vvv(k)||2.

Letwww(k) = −(BBByyy(k) − fff + vvv(k))

xxx(k+1) ∈ Argminxxx F(xxx) +
ρ

2
||AAAxxx −www(k)||2.

No closed form solution due to AAA.

LetQQQ be symmetric and positive definite, and

xxx(k+1) ∈ Argminxxx F(xxx) +
ρ

2
||AAAxxx −www(k)||2 + 1

2
||xxx − xxx(k)||2

QQQ
.

ChooseQQQ = 1
τ IIIddd− ρAAATAAA, τ is smaller enough such thatQQQ is SPD

xxx(k+1) ∈ Argminxxx F(xxx) +
ρ
2 ||AAAxxx −www(k)||2 + 1

2 ||xxx − xxx(k)||2
QQQ

⇔ 000 ∈ ∂F(xxx(k+1)) + ρAAAT(AAAxxx(k+1) −www(k)) +QQQ(xxx(k+1) − xxx(k))

⇔ ρAAATwww(k) ∈ ∂F(xxx(k+1)) + ρAAATAAAxxx(k+1) + 1
τ xxx

(k+1) − ρAAATAAAxxx(k+1) −QQQxxx(k)

⇔ ρAAATwww(k) +QQQxxx(k) ∈ ∂F(xxx(k+1)) + 1
τ xxx

(k+1)

⇔ xxx(k+1) = (IIIddd/τ + ∂F)−1
(
ρAAATwww(k) +QQQxxx(k)

)
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