
An Introduction to Non-smooth Optimization

Lecture 03 - Proximal Gradient Descent

Jingwei LIANG

Institute of Natural Sciences, Shanghai Jiao Tong University

Email: optimization.sjtu@gmail.com

Office: Room 355, No. 6 Science Building



Previously

We have seen two problems

Non-negative least square (NLS)

min
xxx∈Rn

‖AAAxxx − yyy‖2 such that xi ≥ 0, i = 1, 2, ..., n.

Sparse logistic regression

min
(xxx,y)∈Rn×R

µ||xxx||1 +
1

m

∑m

i=1
log

(
1 + e−bi(xxx

T
aaai+y)

)
.
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Let S =
{
xxx ∈ Rn : xi ≥ 0, i = 1, 2, ..., n

}
and define

ιS(xxx) =

{
0 : xxx ∈ S,

+∞ : xxx /∈ S.

The NLS problem can be equivalently written as

min
xxx∈Rn

ιS(xxx) + ‖AAAxxx − yyy‖2.
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µ||xxx||1 +
1

m
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i=1
log

(
1 + e−bi(xxx

T
aaai+y)

)
.

Problem - Non-smooth optimization problem

Let F, R ∈ Γ0(Rn), consider

min
xxx∈Rn

{
Φ(xxx)

def
= F(xxx) + R(xxx)

}
,

with

F: smooth differentiable with∇F being L-Lipschitz continuous.

R: non-smooth with proximal mapping easy to compute.
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µ||xxx||1 +
1

m

∑m

i=1
log

(
1 + e−bi(xxx

T
aaai+y)

)
.

Proposition - Optimality condition

Suppose zer(∇F + ∂R) is non-empty, and let xxx? ∈ zer(∇F + ∂R). Then

000 ∈ ∂F(xxx?) + ∂R(xxx?).
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Problem

Problem - Unconstrained smooth optimization

Consider minimizing

min
xxx∈Rn

F(xxx),

where F : Rn → R is proper convex and smooth differentiable.

Assumptions:

∇F(xxx) is L-Lipschitz continuous for some L > 0

||∇F(xxx)−∇F(yyy)|| ≤ L||xxx − yyy||.
Set of minimizers is non-empty, i.e. Argmin(F) 6= ∅.

NB: C1
L (Rn) — proper convex functions with L-Lipschitz

(with 0 < L < +∞) continuous gradient on Rn.
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Gradient descent

Algorithm - Gradient descent

initial: xxx(0) ∈ dom(F);

repeat:

1. Choose step-size γk > 0

2. Update xxx(k+1) = xxx(k) − γk∇F(xxx(k))

until: stopping criterion is satisfied.

Stopping criterion: ε > 0 is the tolerance,

Function value: F(xxx(k+1))− F(xxx(k)) ≤ ε.

Sequence: ||xxx(k+1) − xxx(k)|| ≤ ε.

Optimality condition: ||∇F(xxx(k))|| ≤ ε.
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Projected gradient descent

Constrained smooth optimization



Problem

Problem - Constrained smooth optimization

Let S ⊂ Rn be closed and convex and F ∈ C1
L (Rn),

min
xxx∈Rn

F(xxx) such that xxx ∈ S.

𝒳
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Projection operator

Projection of yyy onto S:

min
xxx∈S

||xxx − yyy||.

Definition - Projection

Projection mapping onto a set is defined by

PS(yyy)
def
= argminxxx∈S ||xxx − yyy||.

𝑦𝑦𝑦

𝑥𝑥𝑥

𝒳

The projection is unique for closed and convex, and S

PS(yyy) ∈ S and ∀xxx ∈ S 〈xxx − PS(yyy) | yyy − PS(yyy)〉 ≤ 0.
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Projected gradient descent

Algorithm - Projected Gradient descent

initial: xxx(0) ∈ dom(F);

repeat:

1. Choose step-size γk > 0

2. GD: xxx(k+1/2) = xxx(k) − γk∇F(xxx(k))

3. Projection: xxx(k+1) = PS(xxx
(k+1/2))

until: stopping criterion is satisfied.

In a compact form

xxx(k+1) = PS

(
xxx(k) − γk∇F(xxx(k))

)
.

The same as gradient descent, only one parameter which is γk.
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Proximal gradient descent

Proximal mapping and algorithm



From projection to proximal mapping

Previously

PS(yyy)
def
= argminxxx∈S ||xxx − yyy||.
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The following are equivalent: ιS(xxx) ∈ Γ0(Rn) for closed convex S

min
xxx∈S

||xxx − yyy|| ⇐⇒ min
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1

2
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1

2
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Proximal gradient descent 8/18



From projection to proximal mapping

Previously

PS(yyy)
def
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The following are equivalent: ιS(xxx) ∈ Γ0(Rn) for closed convex S

min
xxx∈S

||xxx − yyy|| ⇐⇒ min
xxx∈S

1

2
||xxx − yyy||2

⇐⇒ min
xxx∈Rn

ιS(xxx) +
1

2
||xxx − yyy||2.

Given any R(xxx) ∈ Γ0(Rn)

min
xxx∈Rn

R(xxx) +
1

2
||xxx − yyy||2.
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Proximal mapping

Definition - Proximal mapping

The proximal mapping (or proximity operator) of a function R ∈ Γ0(Rn) is defined by

proxγR(yyy)
def
= argminxxx∈Rn γR(xxx) +

1

2
||xxx − yyy||2.

proxγR(yyy) is unique for R ∈ Γ0(Rn).

Alternative characterization let xxx
def
= proxγR(yyy),

000 ∈ γ∂R(xxx) + xxx − yyy ⇐⇒ yyy − xxx ∈ γ∂R(xxx)

⇐⇒ yyy ∈ (IIIddd+ γ∂R)(xxx)

⇐⇒ xxx = (IIIddd+ γ∂R)−1(yyy).

(IIIddd+ γ∂R)−1 is called the resolvent of γ∂R.
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Examples

Projection R(xxx) = ιS(xxx), then

∂ιS(xxx) = NS(xxx) =
{
ggg : 〈ggg | uuu− xxx〉 ≤ 0, ∀uuu ∈ S

}
and

PS(yyy) = (IIIddd+NS)
−1(yyy).
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}
and

PS(yyy) = (IIIddd+NS)
−1(yyy).

Examples

Hyperplane: S = {xxx : aaaTxxx = b}, aaa 6= 0

PS(yyy) = yyy +
b− aaaTyyy

||aaa||2
aaa.

Affine subspace: S = {xxx : AAAxxx = bbb} with AAA ∈ Rm×n, rank(AAA) = m < n

PS(yyy) = yyy + AAAT(AAAAAAT)−1(bbb− AAAyyy).

Nonnegative orthant: S = Rn
+

PS(yyy) =
(
max{0, yi}

)
i
.
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Examples

Quadratic function R(xxx) = 1
2xxx

TAAAxxx + bbbTxxx + c with AAA ∈ Rn×n being symmetric and positive

semi-definite

proxγR(yyy) = (IIIddd+ γAAA)−1(yyy − γbbb).
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proxγR(yyy) =

{
(1− γ

||yyy||)yyy : ||yyy|| > γ,

000 : o.w.

Nuclear norm R(xxx) =
∑

i
SSSi, let yyy = UUUSSSVVVT ∈ Rm×n

proxγR(yyy) = UUUTγ(SSS)VVVT.
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Calculus

Quadratic perturbation H(xxx) = R(xxx) + α
2 ||xxx||

2
+ 〈xxx | uuu〉+ b, α ≥ 0

proxH(yyy) = proxR/(α+1)

(
yyy−uuu

α+1

)
.

Translation H(xxx) = R(xxx − zzz)

proxH(yyy) = zzz + proxR(yyy − zzz).

Scaling H(xxx) = R(xxx/ρ)
proxH(yyy) = ρproxR/ρ2

(
yyy/ρ

)
.

Reflection H(xxx) = R(−xxx)
proxH(yyy) = −proxR(−yyy).

Composition H = R ◦ KKK with KKK being bijective bounded linear mapping such that KKK−1 = KKK∗,

proxH(yyy) = KKK∗proxR

(
KKKyyy

)
.

Proximal gradient descent 11/18



Calculus

Quadratic perturbation H(xxx) = R(xxx) + α
2 ||xxx||

2
+ 〈xxx | uuu〉+ b, α ≥ 0

proxH(yyy) = proxR/(α+1)

(
yyy−uuu

α+1

)
.

Translation H(xxx) = R(xxx − zzz)

proxH(yyy) = zzz + proxR(yyy − zzz).

Scaling H(xxx) = R(xxx/ρ)
proxH(yyy) = ρproxR/ρ2

(
yyy/ρ

)
.

Reflection H(xxx) = R(−xxx)
proxH(yyy) = −proxR(−yyy).

Composition H = R ◦ KKK with KKK being bijective bounded linear mapping such that KKK−1 = KKK∗,

proxH(yyy) = KKK∗proxR

(
KKKyyy

)
.

Proximal gradient descent 11/18



Calculus

Quadratic perturbation H(xxx) = R(xxx) + α
2 ||xxx||

2
+ 〈xxx | uuu〉+ b, α ≥ 0

proxH(yyy) = proxR/(α+1)

(
yyy−uuu

α+1

)
.

Translation H(xxx) = R(xxx − zzz)

proxH(yyy) = zzz + proxR(yyy − zzz).

Scaling H(xxx) = R(xxx/ρ)
proxH(yyy) = ρproxR/ρ2

(
yyy/ρ

)
.

Reflection H(xxx) = R(−xxx)
proxH(yyy) = −proxR(−yyy).

Composition H = R ◦ KKK with KKK being bijective bounded linear mapping such that KKK−1 = KKK∗,

proxH(yyy) = KKK∗proxR

(
KKKyyy

)
.

Proximal gradient descent 11/18



Calculus

Quadratic perturbation H(xxx) = R(xxx) + α
2 ||xxx||

2
+ 〈xxx | uuu〉+ b, α ≥ 0

proxH(yyy) = proxR/(α+1)

(
yyy−uuu

α+1

)
.

Translation H(xxx) = R(xxx − zzz)

proxH(yyy) = zzz + proxR(yyy − zzz).

Scaling H(xxx) = R(xxx/ρ)
proxH(yyy) = ρproxR/ρ2

(
yyy/ρ

)
.

Reflection H(xxx) = R(−xxx)
proxH(yyy) = −proxR(−yyy).

Composition H = R ◦ KKK with KKK being bijective bounded linear mapping such that KKK−1 = KKK∗,

proxH(yyy) = KKK∗proxR

(
KKKyyy

)
.

Proximal gradient descent 11/18



Calculus

Quadratic perturbation H(xxx) = R(xxx) + α
2 ||xxx||

2
+ 〈xxx | uuu〉+ b, α ≥ 0

proxH(yyy) = proxR/(α+1)

(
yyy−uuu

α+1

)
.

Translation H(xxx) = R(xxx − zzz)

proxH(yyy) = zzz + proxR(yyy − zzz).

Scaling H(xxx) = R(xxx/ρ)
proxH(yyy) = ρproxR/ρ2

(
yyy/ρ

)
.

Reflection H(xxx) = R(−xxx)
proxH(yyy) = −proxR(−yyy).

Composition H = R ◦ KKK with KKK being bijective bounded linear mapping such that KKK−1 = KKK∗,

proxH(yyy) = KKK∗proxR

(
KKKyyy

)
.

Proximal gradient descent 11/18



Proximal gradient descent

Problem - Non-smooth optimization

Let R ∈ Γ0(Rn) and F ∈ C1
L (Rn),

min
xxx∈Rn

R(xxx) + F(xxx).

Algorithm - Proximal Gradient descent

initial: xxx(0) ∈ dom(F);

repeat:

1. Choose step-size γk > 0

2. GD: xxx(k+1/2) = xxx(k) − γk∇F(xxx(k))

3. Projection: xxx(k+1) = proxγkR
(xxx(k+1/2))

until: stopping criterion is satisfied.

In a compact form

xxx(k+1) = proxγkR

(
xxx(k) − γk∇F(xxx(k))

)
.
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Convergence analysis

Fixed-point iteration perspective



Optimality condition

Problem - Non-smooth optimization problem

Let F, R ∈ Γ0(Rn), consider

min
xxx∈Rn

{
Φ(xxx)

def
= F(xxx) + R(xxx)

}
,

with

F: smooth differentiable with∇F being L-Lipschitz continuous.

R: non-smooth with proximal mapping easy to compute.
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def
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with

F: smooth differentiable with∇F being L-Lipschitz continuous.

R: non-smooth with proximal mapping easy to compute.

Proposition - Optimality condition

Suppose zer(∇F + ∂R) is non-empty, and let xxx? ∈ zer(∇F + ∂R). Then

000 ∈ ∇F(xxx?) + ∂R(xxx?).
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Cocoercive operators

Definition - Cocoercive operator

Let S be a non-empty subset of Rn, B : Rn → Rn and β > 0. Then B is β-cocoercive if

(∀xxx ∈ S)(yyy ∈ S) 〈xxx − yyy | B(xxx)− B(yyy)〉 ≥ β||B(xxx)− B(yyy)||2.
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β
||xxx − yyy||.

Cocoercivity implies Lipschitz continuity, the reverse in general is not true.
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(∀xxx ∈ S)(yyy ∈ S) ||B(xxx)− B(yyy)|| ≤ 1

β
||xxx − yyy||.

Cocoercivity implies Lipschitz continuity, the reverse in general is not true.

Theorem - [Baillon-Haddad ’77]

For F ∈ C1
L (Rn), its gradient∇F is 1

L
-cocoercive.
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Cocoercive operators

Definition - Cocoercive operator

Let S be a non-empty subset of Rn, B : Rn → Rn and β > 0. Then B is β-cocoercive if

(∀xxx ∈ S)(yyy ∈ S) 〈xxx − yyy | B(xxx)− B(yyy)〉 ≥ β||B(xxx)− B(yyy)||2.

Proposition - Cocoercivity and non-expansiveness

Let B : Rn → Rn be β-cocoercive for some β > 0, then

βB is firmly non-expansive.

IIIddd− γB is
γ
2β -averaged non-expansive for γ ∈]0, 2β[.
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Resolvent of maximal monotone operator

Definition - Resolvent

LetA : Rn ⇒ Rn be monotone. The resolvent ofA is

JA = (IIIddd+A)−1.
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Definition - Resolvent

LetA : Rn ⇒ Rn be monotone. The resolvent ofA is

JA = (IIIddd+A)−1.

Example - Proximal mapping

Let R ∈ Γ0(Rn) and γ > 0. Then
Jγ∂R = proxγR.
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Resolvent of maximal monotone operator

Definition - Resolvent

LetA : Rn ⇒ Rn be monotone. The resolvent ofA is

JA = (IIIddd+A)−1.

Theorem - Monotonicity and firmly non-expansiveness

Let S be a nonempty subset of Rn, let F : S → Rn and setA = F−1 − IIIddd. Then the following

holds

F = JA.

F is firmly non-expansive if and only ifA is monotone.

F is firmly non-expansive and S = Rn if and only ifA ismaximally monotone.
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Resolvent of maximal monotone operator

Definition - Resolvent

LetA : Rn ⇒ Rn be monotone. The resolvent ofA is

JA = (IIIddd+A)−1.

Corollary

Let F : Rn → Rn. Then F is firmly non-expansive if and only if it is the resolvent of a maximally

monotone operatorA : Rn ⇒ Rn.

Convergence analysis 15/18



Fixed-point characterization

Definition - Monotone inclusion problem

LetA : Rn ⇒ Rn be maximal monotone and B : Rn → Rn be β-cocoercive for some β > 0.
Then monotone inclusion problem associated toA+ B reads

find xxx ∈ Rn such that 000 ∈ A(xxx) + B(xxx).

Convergence analysis 16/18
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LetA : Rn ⇒ Rn be maximal monotone and B : Rn → Rn be β-cocoercive for some β > 0.
Then monotone inclusion problem associated toA+ B reads

find xxx ∈ Rn such that 000 ∈ A(xxx) + B(xxx).

Definition - Forward–Backward splitting

LetA : Rn ⇒ Rn be maximal monotone and B : Rn → Rn. Let xxx be such that 000 ∈ A(xxx) + B(xxx)
and γ > 0. Then

000 ∈ A(xxx) + B(xxx) ⇐⇒ 000 ∈ γA(xxx) + γB(xxx)
⇐⇒ − γB(xxx) ∈ γA(xxx)

⇐⇒ xxx − γB(xxx) ∈ xxx + γA(xxx)

⇐⇒ xxx = (IIIddd+ γA)−1(IIIddd− γB)(xxx)
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Fixed-point characterization

Definition - Monotone inclusion problem

LetA : Rn ⇒ Rn be maximal monotone and B : Rn → Rn be β-cocoercive for some β > 0.
Then monotone inclusion problem associated toA+ B reads

find xxx ∈ Rn such that 000 ∈ A(xxx) + B(xxx).

Proposition - Fixed-point operator

LetA : Rn ⇒ Rn be maximal monotone and B : Rn → Rn. Set

FA,B = JA ◦ (IIIddd− B).
Suppose B is β-cocoercive for some β > 0 and that γ ∈]0, 2β[. Let

α =
2β

4β − γ
,

then FγA,γB is α-averaged non-expansive.
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Convergence

Theorem - Convergence with constant step-size

For proximal gradient descent, let R ∈ Γ0(Rn) and F ∈ C1
L (Rn). Let

γk ≡ γ ∈]0, 2/L[.
Then

{xxx(k)}k∈N converges to a point xxx? in zer(∂R+∇F).

Theorem - Convergence speed

With the above convergence result,

Sequence

||xxx(k) − xxx(k−1)|| = o

(
1√
k

)
.

Objective function

(R+ F)(xxx(k))− (R+ F)(xxx?) = o

(
1

k

)
.

Convergence analysis 17/18
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