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Least square regression

Letme N, .Fori=1,...,m,giveneachx; € R,

yi = ax; + b+ €
with ¢; being random noise.
Matrix-vector representation,
xp 1 y1
Xy 1 Y2
A= | . ,x:{a},y: . and € =
. b .
Xm 1 Ym

The system of equations reads
GX1+b+€1 =Y,
<— y=Ax+e.
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Least square regression S

Least square regression: estimating x fromy

min ||Ax — y/|?.
x€R?

Assume that A has full column rank
min [Ax —y|> <= 0=AT(Ax—y)
X

— ATAx=Ay
— x=(ATA)'ATy
If ATA is not invertible,
xUH) — x0 _~H AT(AXK) —y) — x*.
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Least square regression Are=s U1

Least square regression: estimating x fromy

min ||Ax — y||°.
x€R?

— y =0.23x — 0.08
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Non-negative least square A=l

Non-negative least square regression:
min [|[Ax —y||> suchthat x; >0,i=1,2.
XER2

— y =0.23x — 0.08
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Non-negative least square e

Non-negative least square regression:
min [|[Ax —y||> suchthat x; >0,i=1,2.
XER2

— y =0.23x — 0.08
— y=021x-0
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Other constraints on x

Besides non-negativity, we can consider the following requirement on the solution: let
pe{l,2}andd >0,

min Ax —y]?
such that x|, < 0.
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Regularization

Sparsity, low-rank, non-negativity



Regularized least square Aressmu L

Let R(x) be a function promoting prior information, e.g. non-negativity or norm
constraint...

Regularized least square

: 1 2
min R(x) + Z”Ax —y|”.

XERN

m 1 > 0 provides a balance between diffusion and fidelity.
m The choices of R(x) depends on the prior information.
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Regularized least square A=zsmd 1L

Let R(x) be a function promoting prior information, e.g. non-negativity or norm
constraint...

Regularized least square

. 1 2
R(x) + —||Ax —y|~.
min R(x) + —[lAx —y|
m 1 > 0 provides a balance between diffusion and fidelity.
m The choices of R(x) depends on the prior information.

Regularization

Function R(x) is called regularization, it is a process that forces the solution to be
“simpler”,

= obtain results for ill-posed problems (e.g. image processing).
= prevent overfitting (e.g. machine learning).
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Regularized least square
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Regularized least square Ae=rsTU
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Regularized least square rgesmd

T flAx —
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Regularized least square Aszsmd L

A more general example

in R(X) + F(x).
min R(x) + F(x)

Choices of F(x): leta € R"and b € R

m Quadratic loss
F(x) = é(aTx — b)*.

m Logistic loss )
F(x) = log (1 +e~"¥),

m Squared hinge loss
F(x) = max {1 —t(a'x+b), 0}, te{-1,1}.

Choices of R(x) —
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Examples: norms SN2

Letx € R"
m /;-norm
n
Il = il
i=1
m /5-norm

n 1/2
Ixlly = (Z(MV) :

i—1
m group /;-norm let G = {g1, 82, ..., 8¢} be a partition of {1,2, ...,n},
1/2

[, o = Z Z(Xi)Q

gi€G \ i€gi
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Examples: total variation Aszsmd N

Example - Total variation (TV) [ ]

Let V be the discrete gradient operator

IV

In 1D case:
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Examples: total variation TNErsTU

Rudin, Osher & Fatemi '92
Let V be the discrete gradient operator
VX

Original image Horizontal gradient Vertical gradient

Regularization ©coeco 7/16



Examples: wavelet frames ™E=rsoTu

Morlet, Meyer, Mallat, Daubechies, et al
Family of filters {¢; : j, k € Z}

Yix(-) = 2/2(2 - —k).

Original image Wavelet coefficients

Regularization cooeo 8/16



Examples: low rank

/INT=zsuTul 1L

Example - Nuclear norm [ ]

Let A € R™<" and A = USVT be its singular value decomposition

min{m,n}

W= 3 s

Rank 140
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Examples: low rank

Example - Nuclear norm [ ]

Let A € R™<" and A = USVT be its singular value decomposition

min{m,n}

W= 3 s

%2

=z

Z

%
4, an -n

/‘/IA £
&S How to use regularlzatlon"
Rank 80

Regularization 000 0OOO® 000 000 O

NF=rsotul 1L
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Applications

Image processing, computer vision



Example: machine learning Ag=zsmul L

Example - Sparse logistic regression

Let (aj,bi) € R" x {£1},i=1,....m,
. 1 m T 5
(x7y§Teli£><R plix]ly + - Zi:l f(x'a; +y; by),
where f(u;; b;) = log(1 + e~4b).

Applications 000 00000 @00 000 O
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Example: machine learning Ag=zsmul L

Example - Sparse logistic regression

Let (aj,bi) € R" x {£1},i=1,....m,

. 1 m T
X = ) X' a; : b;
(x,ygreligxne mlxlly + m Z'=1 flx'ai +y; bi),

where f(u;; b;) = log(1 + e~4b).

Applications 000 00000 @00 000 O
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Example: machine learning Ag=zsmul L

Example - Sparse logistic regression

Let (aj,bi) € R" x {£1},i=1,....m,

. 1 m T
X = ) X' a; : b;
(x,ygreligxne mlxlly + m Z'=1 flx'ai +y; bi),

where f(u;; b;) = log(1 + e~4b).

p=12 jp=>5
. =0

Applications 000 00000 800 000 © 10/16



Medical imaging N

Mathematical formulation
f=Fx+e,
where
m X is the true image which is piecewise constant/smooth — TV.
m F is partial Fourier transform.

m < is additive noise.

Applications ceo 1/16



Medical imaging TNF=rsITU

Letp € {1, 2},

. l . p
Join |Vl + ZIF = Fxlp.

recovered x

Applications ceo 1/16



Video decomposition

Mathematical formulation _
f=1+5+¢,
where
m [ is the background which is low rank — nuclear norm.
m S is the foreground which is sparse — ¢;-norm.
m ¢ is additive white Gaussian noise.

Applications ooe
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Video decomposition P o

Mathematical formulation

where
m [ is the background which is low rank — nuclear norm.
m S is the foreground which is sparse — ¢;-norm.
m ¢ is additive white Gaussian noise.

Example - Principal component pursuit [ |

i I s Lin+s—f|%
i (W vlsl) + I +s 1

Applications 000 00000 008 000 © 12/16



Video decomposition o Ane=srdnL

JEEEEE BN BEEEEE

~ N TTTT 1T
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Video decomposition

MN\y=zsutul 1L

Applications 000 00000 008 000 © 12/16



First-order optimization methods

Non-smooth optimization, first-order methods



Non-smooth optimization: a typical example A=

Problem - Non-smooth optimization problem

Letr € N++

. def r
xlgél’l.?,xr {@(X) = F(x17x27 "'JXr) + Zi:lRi(Kixi)}u

where
F: smooth data fidelity term...
Ri: non-smooth regularization terms...
K;: linear/nonlinear operators...

m Signal/imaging processing, compressed sensing, inverse problems
m Statistics, data science, machine learning

m Control theory, operation research, game theory

. ..

Non-smooth, (non-convex), composite, high dimension

0o @00 o 13/16
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First-order methods: two basic ingredients

r

min F(Xl,XQ,...,Xr)+ZR/(K/X/)

i=1

First-order optimization methods 000 00000 000 080 O 14/16



First-order methods: two basic ingredients A=

r

min F(Xl,XQ,...,Xr.)—O-ZR,'(.K,'X,'.)

X2, X :
=1

Divide and Conquer.

First-order optimization methods 000 00000 000 080 ©
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First-order methods: two basic ingredients P

Algorithm - Gradient descent [ ]
min F(x
XERN ( )

where F is convex smooth differentiable with VF being L-Lipschitz.
Gradient descent (GD):

XD = x1 — 3 VF(x®), ¢ €]0,2/L[
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First-order methods: two basic ingredients Pr———

‘

Algorithm - Gradient descent [

min F(x)
XERN
where F is convex smooth differentiable with VF being L-Lipschitz.

Gradient descent (GD):
xHD = x®) — 3 VF(x®), 3 €]0,2/L]

‘

Algorithm - Proximal point algorithm [

min R(x)
XER"
with R being proper closed convex. Define “proximity operator” by
def . 1 2
prox.(v) = argmin, yR(x) + §||x —v|~.
Proximal point algorithm (PPA):

x(H) — prox,YkR(x(k)), Y > 0.

First-order optimization methods 14/16




First-order methods: arich class Aa=smd L

Definition - First-order methods

Numerical schemes that use at most the first-order differentiability, e.g. gradient or
sub-gradient, of the objective.

F + R Forward-Backward splitting [Lions & Mercier '79]
Ri + Ry Douglas-Rachford splitting [Douglas & Rachford '56; Lions & Mercier '79]
ADMM [Glowinski & Marrocco '75; Gabay & Mercier '76]...

F + R(K-) Primal-Dual splitting methods [Arrow, Hurwicz & Uzawa '58; Esser, Zhang &
Chan ’10; Chambolle & Pock 1]

F + > . Ri Generalized Forward-Backward splitting [Raguet, Fadili & Peyré '13]

Origins from numerical PDE back to 1950s, now ubiquitous in signal/image processing,

inverse problems, data science, statistics, machine learning...

First-order optimization methods 000 00000 000 CO® O 15/16
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