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Lectures 01A-01C, 02
ME&. support function, conic models

5H&
Lectures 04-06
B, KKT. log-det barrier 5 interior-

point methods
Lecture 07

AE. ERERE. BEfEHKSZRIRT

MATH6015 - JUAEE  FIFMIRSEEES

NANKABEFERERFEANLE, MikA

R, Gram matrix G,
ellipsoid parameters (A, b).

ER. AE. AMRSNEXRHXLETERE
BOAR,

IR7Z Lectures O1A-01C, 02-07 EIff; Boyd & Vandenberghe, Chapter 8
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ML EAFGRE] DIREY

J1{a7 8] &% EERETE EE=HN o] fR R &Y
=i, &z, 88 PR, BBEBEFEH norm. support — —» LP/QP/SOCP
DE. ©HE Gram matrix LML, log-det SDP/GP

FIRRARE

EEENAIE. IBEBEFH SR offine function, ZHIE“XIEFHE RIS B support function, & 8EiHRIL
IRFPAIIEL Y ; BElNSE/ L TERDIRBESHE,

Boyd & Vandenberghe, Convex Optimization, Chapter 8 overview
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AEENOE

JIREIPSES HERR HARIEEY

RER/&SEEER inf |z —y| QP, SOCP

AESERTIIE G=A4T4-0 SDP

HEERIATR logdet A~ 8% log det B log-det program E—JL
B/ Bt ball containment. barrier LP, SDP

DEIBR affine in parameters LP, QP, SDP

NEBESFEIL graph edges. relative order LP, SOCP, GP

AERTREARSEN,; OMERRTRESRR, MARBRTERIMNL.

Boyd & Vandenberghe, Convex Optimization, Chapter 8
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IEES5RT

AECCR" £, R B CHERER

dist(zo,C) = inf |zo — x|
zeC

E—IXEIS/IMER 2z € C FRA projection:

Pc(xo) € arg min |z — ol

BIR&=ED, C closed BMRIERIEIEEIXE, C closed convex B norm strictly convex B3
projection B—; Euclidean norm FZE &,

Boyd & Vandenberghe, Convex Optimization, §8.1
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R LEE G

Euclidean optimality

e % C closed convex, MW p = Po(xo) HE
Y H

(o—p) (x—p) <0, Ve € C.

Z

®
8
S

FRER C 1£ p &89 normal vector,

Boyd & Vandenberghe, Convex Optimization, §8.1; Euclidean projection geometry
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16 8.1: BEBRIDRA

LC={zeR||z|, =1}, zo =0, BAC AEOLE, 1B projection TJLABE#ELLR,

)
A

MATH6015 - JUTERE RESHE

x1

norm projections
b (:tLO)v(Ovil)
£y (:l:l,O),(O,:l:l)
loo BMLR C

=MIEEIN 1; norm BUBENIIKNRE ‘&
B M,

Boyd & Vandenberghe, Convex Optimization, §8.1, Example 8.1
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15 8.2: (ERKIRE

i’

C:{XeRmX"|rankX§k}, onz:aiuwi—r, oy > >0 > 0.

&l SVD
min{k,r}

T
g;U;V;
i=1

£ spectral norm T8 projection; Frobenius norm THA3Z,

Xo SVD X
£ &P singular modes %o, HE R {REBHET kD modes

BIF0; B projection REFHEEM, MIF—ROIRFIEIL,

e

L

Boyd & Vandenberghe, Convex Optimization, §8.1, Example 8.2; Eckart—Young theorem
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& AR B

=
C={x|Az =0, fi(x)<0,i=1,...,m},
M| projection MM AIRAZEH :
minimize ||z — xo|

subjectto fi(x) <0, Ax=0.

Euclidean projection on a polyhedron: KKT 256
- —xzo+ ATA =0,
min 1|z — o3, . . I
Ax<b E b projection residual & active normals BI3Ef
i éo

& strongly convex QP, feasible BIfHE—,

Boyd & Vandenberghe, Convex Optimization, §8.1.1, problems (8.1)-(8.2)
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=B Euclidean projections

C={x|a"x=0}: C={z|l<zx<u}:
PC(CI?O) = @o + b— aZmo [Pc(wo)]j = min{uj7max{lj, xoj}}.
lal
o
,.
:
C={x|a z<b}: BE feasble, % z; & Pe(wo)
NfER EXREB R,

Boyd & Vandenberghe, Convex Optimization, §8.1.1, Euclidean projection on a polyhedron
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Proper cone LHIIRES

33 proper cone K, € z, = Pr(x0). KKT 254 Moreau decomposition:
+

T
To=T4 —T_, z, mk 0, >0, Tpxz_ =0.

EXo=>, \iqig/ , W

[Pk (z0)]; = max{zo;,0}. .
AR EEIEMHE, Prc(Xo) = > max{\i, 0}aq

projection EBYZ5H primal cone component 5 orthogonal dual-cone certificate,

Boyd & Vandenberghe, Convex Optimization, §8.1.1, Euclidean projection on a proper cone
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RrRESHoBEETE

€ p=Pc(xo), o ¢ Co PEBFHE

o (p—a:o)T(:c—w();_p)ZO
£0 v FEDE xo 5 C. ZEERMIERH

Euclidean geometry; —#% norm TJi&

i dudlity #ED BT

separating
hyperplane

Boyd & Vandenberghe, Convex Optimization, §8.1.2, Figure 8.1
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B norm THLEIEH

¥ y = xo — = 5| projection problem, dual 79

maximize p' o + inf Z Nifi(z) + v’ (Ax —b) — uT:I:)

Ap,v P
subjectto A >0, |uf, <1
EEA dual feasible point BIEFMERIE, WIRAE < C,
plzo > pl

p ETEN & D BB E., % projection problem i Slater, positive distance 5iX# certificate &
o

Boyd & Vandenberghe, Convex Optimization, §8.1.2, dual of projection problem
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Indicator 5 support function

EX
0, T € 07 T
Ic(x) = Sc(z) =supz x.
c(z) {+OO7 2 dC, c(2) sup
#E TSR minimize |z — zo|| + Ic(x); Fenchel dual {£{&E 5
maximize z ' xo — Sc(z)
subjectto |z|, < 1.

ERMERNIE, 2 zo > Sc(z), Bl zo fLTF C B9 support hyperplane Z4b,

Boyd & Vandenberghe, Convex Optimization, §8.1.3
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Rz 1: HERmERIE

43R LA Y raw score N z = (0.8, —0.1,0.6) " ; FEEIRFF probability simplex

Ay={p>0|1"p=1}.
Euclidean projection B threshold £zt

p; = max{z — 1,0}, Zmax{zi — 7,0} =1.

Al =02, FrLA
Pay(2) = (0.6,0,0.4) "

fER

I3k 2/ (17 2) RIRBRWE; simplex projection EBTFHRBIERA M. SFLIR, FHE Euclidean MENE
I\,

BBl BRIREDEEDIREE probability simplex

MATH6015 - JUTERE RESHE 17/97



RZFEBI 2: BAR2ME

BB AURILE xo, ETTT=ERER. EXOLMEEMNSLTH:
C ={x cR*| Az < b}.

B R EIRK R
" = arg min 3|z — xo 3.
Axz<b
planned zo active constraints 89 multipliers £ H1E
.- I RERReENGNAE, hEKS
. MAFIHEES IR

safe ™
safe set C

B4mfl: model-predictive safety filter via Euclidean projection

MATH6015 - JUTERE RESHE 18/97
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W ESIER

dist(C, D) = inf{|x —y|| | x € C, y € D} = dist(0, D — C).

(O FIEENEX
T ECND 40, EEAE, RAZWEE
D infimum attained; %140 sets closed B
Hoh—A bounded B3z,

Boyd & Vandenberghe, Convex Optimization, §8.2
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C={z| filx) <0}, D={ylg;(y) <0},
Il
minimize xr —
=y Z ” y” (8.3)
subjectto  fi(z) <0, g;(y) <0

£ convex optimization problem, I polyhedra Ajx < by, Asy < b, # Euclidean norm, 75 B¥RE
Zl QP:
min %”CL‘ - yllg st. Az < bl, Agy < bs.

4 active face normals FEEA RIRIEELIXE &,

Boyd & Vandenberghe, Convex Optimization, §8.2.1, problems (8.3)-(8.4), Figure 8.2
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PEESIARERY dual separation

SIANw=z -y /g, MEBAHME 2 HBRE |2, <1. —BERXA

. T : s _ ST
rnai(lmlze 1nf<Z)\ fi(z) + = a:) +12f<; wigi(y) — z y)

2
subjectto A >0, p>0, |z|, <L

1IEH8Y dual value B2&
2z > zTy, Ve e C,Vye D,

# =z X strict separating hyperplane, strong duality BY, positive distance 598 certificate HHE XY
N7,

Boyd & Vandenberghe, Convex Optimization, §8.2.2, problems (8.5)—(8.6)
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Polyhedra BN 9 EiEH

O ={x|Aix<b}. D={y| Ay <bs}, dual B

maximize —b{ X —by p
A,z

subjectto A{A4+2z=0, Ajpu—z=0,
[z], <1, A>0, u>0.

MESzeC. yeD,
z'x— zTy > bl A — bQTp,.

BHENIE, RUGEBARER, &L H normalized separation margin BITFFR,

Boyd & Vandenberghe, Convex Optimization, §8.2.2, separating polyhedra
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Support functions BJEIERIX
E5EEEH dual TERK

maximize —Sc(—z)— Sp(z)

subjectto |z, <1.

# dual objective AIE, W

Sp(z) < =Sc(—2) <= supz'y< inf z' .
yeD zcC

NEIEX
Sp(z) = D if z NEiEiks, —Sc(—2) = Cih z Neiaiks,; mEERIERZA [ separation
margin,

Boyd & Vandenberghe, Convex Optimization, §8.2.3
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BRI 3: MinESHiEnE

LR PNUATE S BTESHHEE N polyhedra C(q). D; &

IERXSLAH clearance

0(q) = min xr — .
(9) eecmin lz -yl

6(Q) Z 5min %ﬁég*o ?ﬁi&ﬁﬁlﬁ”ﬁ]
BS7=4E supporting planes, TITEZ&MEL

motion planning FfZE separating
\ constraint,

B4Rf: robot collision clearance and separating-plane certificate
MATH6015 - JLfTiERE  SE&iEIER
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Gram matrix Z&—J1{O=

€ A=la: - a,], Gram matrix
G:ATAEO, Gi]' :aiTaj, Gu :Es
KE. EB. BXRAYSH/ELIHE ¢ RE:

_ Gy
P = g

orthogonal transformation QA Re¥ZE G, Bt G REFER/REFEE, HEELRABHE,

dij = £ + 65 = 2G4, 0 = arccos pij.

Boyd & Vandenberghe, Convex Optimization, §8.3.1
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Realizability 2—1* LMI

—ARFREIETI R ELE vectors LI, Y HENY
G eSsh.

&G =0, OB
A=G"? ATA=q;

EG-0BLL"=G, taBR4A=1L",

G = 010 )

! - _ AT

”Mg{iﬁﬁgig affine constraints f,cwx;k:tgorlzeg B ’? A
IR= ) SDP feasibility configuration

{EEFFD realization ¥82 orthogonal transformation (RIFHRAZES4ZE).

Boyd & Vandenberghe, Convex Optimization, §8.3.1, realizability
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BESIEELYRITA affine constraints

B¢ B, AEXE o< 0i; < B ST

Liljcosa > Gyj > LiljcosS.

EE_%_IZI‘E—J dmin S dzg S dmax %1ﬁa:

doin <6+ 05 —2Gi; < dias.

la:ll = ¢

R EN G; simultaneously controls the included angle
3 - and the opposite side through the cosine law.

FR#%IERS distances/angles &, ARAJLTEHIRE T H

SDP Ki; factorize £xfft G BIIRE extreme configuration,

B
%& = 2\ éj = 3\ Gij = 600, ml.] Gij = (zéj COS@ij = 3, #E. df] = 22 +32 — QG“‘ = 70

Boyd & Vandenberghe, Convex Optimization, §8.3.1, angle and distance constraints
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FM4E5 dual basis

Singular values Dual basis

oi(A)? = \i(G), Btk % G = 0, dualbasis 89 Gram matrix 8 G, B
01(4)? = Amax(@),  Tn(A)? = Amin(G). 1b:3 =el G e, > lbills=trG7T

Bx//ME condition number T bisection & .
= - XLEERR G B9 convex functions,

tI < G =< ktl.

Boyd & Vandenberghe, Convex Optimization, §8.3.1, singular values, condition number, and dual basis
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ARt H Gram matrix JRE

image ellipsoid {Au | [lu|, < 1} BIEFRE

Yny/det(AT A) = v,Vdet G.
simplex conv{0, a1, ..., a,} BEFRBS det G BYIELL, EL

maxgnize logdet G

£ convex geometric constraints T/ convex optimization,

A as

ox vdet

Boyd & Vandenberghe, Convex Optimization, §8.3.1, ellipsoid and simplex volume
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DEEMHE: correlation matrix

& G = diag(l)C diag(l), HH C;; = cosby;, M

G0 <= (C*>=0
WEREKE@E | KiZ, ELL angles realizable ZB{X =
C =0, Ciyi = 1.

LXT:BﬁE 1< pij < 13EARGE; FFA pairwise correlations W7 E4EAL PSD matrix, PSD SA44wE3 T
neR B,

Boyd & Vandenberghe, Convex Optimization, §8.3.2
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i1 8.3: AXAMALR

=531

0.6 < p12 <09, 0.8<pi3<09, 0.5<ps <07, —0.8< pss < —0.4

A SDP &IME/RAM p1a, subjectto C = 0. Cy; = 1 REi& box constraints, 5%
—0.39 < p14 < 0.23.

144 H Y extremal correlation matrices

1 .60 .87 —.39 1 .71 .80 .23
.60 1 .33 .50 71 1 .31 .59
.87 .33 1 —.55| " .80 .31 1 —.40

-39 .50 —.55 1 .23 .59 —.40 1

p14 BEMKEBEETF [—1, 1], #5B8 PSD consistency 1518 7 BEMEXIER.

Boyd & Vandenberghe, Convex Optimization, §8.3.2, Example 8.3, equation (8.7)
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Euclidean distance matrix

KX pairwise distances BY, BJ¥# configuration € A1 = 0, EX

Dy =dij, oz =|ail;.
TZ7EMEM configuration HEIRMEFE 2 > 0 {F
G=1i(z1"+12" - D) =o0. (8.8)

£ centering matrix J = I — 117 /n, MEMNTF
D=D", D=0, D;y>0, JDJ <0,
FH centered Gram matrix A G. = —3JDJ = 0,

D G. = —iJDJ = 0 factorize G. = AT A
squared distances centered Gram matrix recover coordinates

L J

Boyd & Vandenberghe, Convex Optimization, §8.3.3, equation (8.8)
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RIFAI 4: (EREBEEN

P94 sensors BY8B% squared distances B, KX entries ARIERE D, TIf#

’\2)2

mingnize Z wij(Dij — dj;
(i,5)€Q
D=DT, D;=0, D;; >0, JDJ <0,

subject to
B factorize G, = —JD.J /2 IRE MR,
3 .
o 1
/ | daa
dig) /
o R
¢ - dlZ

B4RBl: network localization via Euclidean distance matrix completion
35/97
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R 5: (ZE8XIEM

HEARBRK S5 IT pairwise estimation BJAEZAH indefinite martrix

P R ~
C=19 1 -9/, IJun(®) =-08.
9 -9 1
BiF correlation matrix B SDP 5% :
minimize € ~ Cl%

subjectto C' >0, Cj =1.

% projection k& joint realizability; 7E portfolio risk, Gaussian model 5 kernel methods &7, PSD R
BEEBM, MEAE covariance/Gram matrix BN ERH,

B4R nearest correlation matrix for inconsistent pairwise estimates

MATH6015 - JIfIi@RE  BEES. MES Gram %ERE 36/97
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HMES iR

MATH6015 - JL{TiaR%

IREATREHIR

Outer approximation

Lowner—John ellipsoid: &2 C Y
minimum-volume ellipsoid,

Inner approximation
fIF ¢ ABY maximum-volume
ellipsoid,

—&EXY affine coordinate changes B
R,

Boyd & Vandenberghe, Convex Optimization, §8.4
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Léwner-John ellipsoid

F inverse-image parameterization EvLy
E={v||Av+b],<1}, AeSi.

H volume 5 det A~* RRIELL, ELE minimum-volume
cover

mijlimize logdet A™*

=0,b

subjectto  sup |[Av + b, < 1. (8.10) contact points determine
vel location and shape

BERSHARETF (A, b) 19 convex; SRR containment
constraint Y convex maximization, RE4EFK C O]
tractably evaluate,

Boyd & Vandenberghe, Convex Optimization, §8.4.1, problems (8.9)-(8.10)
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ESARRE

HC={x,. .., o0}, BECENTES convC: i
minimize  logdet A™*
A>0,b @1
subjectto  |Az; +b|, <1, :
1=1,...,m.

active points are contact points; BATRERMMIK

BTG, SIS,

contact points

Boyd & Vandenberghe, Convex Optimization, §8.4.1, problem (8.11), Figure 8.3
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EEMIKAIHE

<
Ei={z|x Aim+2b @+c; <0}, A;>D0.

BOREE U, B: BOERIMATRIBIR, MRE E = {x | | Az + b|, < 1}, S-procedure 1 E; C E $#HAFE 7; > 0 B9 matrix
inequality, € Q = A%, b= Ab, IBH
Q-7 b— b, o0
(bfribi)—r —1 —Tici b | <0,
0 b —Q

FERIME — L logdet Q. X2 (Q, b, 7) B convex problem,

Boyd & Vandenberghe, Convex Optimization, §8.4.1, minimum-volume ellipsoid covering a union of ellipsoids
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HMEARERATIEARIE

1% Fry B9 0A 2., 3 bounded convex C' ¢ R™,

1
T+ E(ELJ —x.) CC C ELy.
% C XF x. centrally symmetric, MKi#H

1
Te+ —=(ELy —xz.) CC C Erj.

NG

=i

—RREAHI 1/n 7E simplex £iXZl; symmetric case B 1//n 1E cube E£iX3|, {RIER{KHi dimension,
NMERHESHAT,

Boyd & Vandenberghe, Convex Optimization, §8.4.1, efficiency of Lowner—John approximation
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H quadratic norm IE{UHER norm

L C={z||z| <1} BEAD norm 8 unit ball, B
Euy={z|z Qz <1}, Q> 0.

EX quadratic norm |z, , = (&' Qz)'/?, BTF C centrally symmetric,
LJ

Izl < lzl < Vnlz, Va.
JUIE: EZ unit ball #—" ellipsoid 7£ &k E: TTA Q 9 metric/preconditioner, 1B
dimension-dependent factor RI&if, 3E Euclidean geometry #1259 quadratic
geometry,

Boyd & Vandenberghe, Convex Optimization, §8.4.1, approximating a norm by a quadratic norm
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Maximum-volume inscribed ellipsoid

F image parameterization
E:{Bu+d| ||’U,H2§1}, BeSiJrv

volume 5 det B BRIELE, AN EMEEKEH

maximize logdet B
B-0.d (8.14)
subjectto BB2+d C C

A, HC = {x|a/z < b}, containment FEtRLER
|Ba;|, +a/d <b;, i=1,...,m. (8.15)

X2 log-det objective il SOCP constraints B convex
problem; active facets SHTkiZfd,

B

M3 B 1 eigenvectors 5 eigenvalues, 73BIiF%
WEEK TS 10 5 4

£ i 1 facet active, MEEAE w; = Bai/| Bai|,, MMEMR «5 = d + B%ai/|Bai,.

Boyd & Vandenberghe, Convex Optimization, §8.4.2, problems (8.14)-(8.15)

MATH6015 - JUAIERE  AR{ESFUHER
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REE TR

HC=0N,E;,

Ei={z|x Aix+2bx+c; <0}, A; >0,
ME={Bu+d]||ul, <1} C E; IH S-procedure SRFTE \; > 0 {&

> 0.

X —d"A;d—2b]d—¢c; (A;d+b)' B

Schur complement 83T (B, d, \;) affine B9 LMI:

NI
d+ A7 b B A7t

i

>~ 0.

“Xi—ci+blATe, 0 (d+A7Te)T
0 B

E I 7EX L LM F&/\VE — log det B,

plig ey &
maximum-volume inner ellipsoid # K n fE&&=—# C; centrally symmetric B¥# X /n {580,

Boyd & Vandenberghe, Convex Optimization, §8.4.2, maximum-volume ellipsoid in an intersection of ellipsoids
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Affine invariance

# T nonsingular, N
ELy(TC) = TEL)(C),  Ewm(TC) = TEw(C).

C 5 extremal ellipsoid £ TC 5 extremal ellipsoid TE

EBHE E — TE 7£ covering (& inscribed) ellipsoids ZB——3Jz, EFFE volume Zi—3&LA | det T,
WERMHEFAZ,

Boyd & Vandenberghe, Convex Optimization, §8.4.3
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R 6: EREAREMES

TS 10" 1 feasible samples 9 {x;}, F finite-set LJ problem 5%

E={x||Az+b], <1}

{E compact uncertainty model,

HiRESE Tl e &R

7% (A, b) KE2EB samples; volume X linear constraint, ellipsoidal uncertainty B
minimization #FIE ERSF, worst case T H— norm term, @HE S SOCP,

% samples RE2BEMRMMN, coverage (NI HEREESRKIL; ?Effﬂﬁ;&ﬁ*ﬁfﬁm%ﬁﬁ'ﬁ%ﬁﬁo

Bé#mpF): minimum-volume ellipsoid as a compact uncertainty model

MATH6015 - JUTIAE  IRIEFTRHER 47/91
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Z#pcpE B A EERE
moglme

BRANRINOFRIEES,

Chebyshev
[}

analytic MVE center

BARTIES ellipsoid BIFFR,

Analytic center

A inequalities slacks BI5EFR,
=EHBEARES,; FMEF/ORXTRNAPEIEXGH BP R,

Boyd & Vandenberghe, Convex Optimization, §8.5, Figures 8.5-8.7; qualitative redraw
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Chebyshev center

Mz € C 89 depth EXH
depth(z, C) = dist(z,R" \ C).

Chebyshev center &ixm, tEHLRE C AERA norm ball BYHE:

Tcheb € arg max depth(zx, C).
ze

&C={z| fi(z) <0}, W

maximize R

o (816)
subjectto  gi(x, R) := sup fi(x+ Ru) <0, :
[ul<1

Hoh g, 2 convex function; HE#EREEDH convex maximization,

Boyd & Vandenberghe, Convex Optimization, §8.5.1, problem (8.16)
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Polyhedron B Chebyshev center

EC={z|a/z<b}, W

sup a; (¢ + Ru) — b; = a; ® + R|a;|, — bi.
[ul<1

FRrUAER KA$E norm ball B LP 2518 :

maximize R
x,R
subjectto ajx+ R|a;|, <b;, i=1,...,m,
R > 0.

Euclidean norm BY |a; |, = [a:],; &4 normals normalized, #{S2I“EIEE hyperplane HIEERZE D
R”O

Boyd & Vandenberghe, Convex Optimization, §8.5.1, Chebyshev center of a polyhedron
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Ellipsoids 3Z&E /Y Chebyshev center

E=]
C = m{w | x Az + Zb;r:c +¢; <0}, A; -0,

M Euclidean ball 2z + RB, C C BJ£ S-procedure 55 Schur complement 7 LMI: 727E \; f&
“Xi—ci+blATe, 0 (z+ AT
0 NI RI =0,
z+ A 'b; RI A7t

SRR i« L, F maximize R, ELLEZAHRI “ball contained in every ellipsoid”T] i SDP 55K A2,

Boyd & Vandenberghe, Convex Optimization, §8.5.1, equation (8.17), Euclidean Chebyshev center of ellipsoid intersection
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Maximum-volume ellipsoid center

ZTmve EXA C W maximum-volume ellipsoid BIFLr, X polyhedron
C={z| al @ <b,i= 1,...,m},

KiE
maximize logdet B
B-0,d
subjectto | Baill, +a; d < b;

E, d* = Tmveo
#2; MVE center EBFEZEEFA principal axes, EtEFBEMENS

Chebyshev center R RIEEE;
@, FEAE offine invariance,

Boyd & Vandenberghe, Convex Optimization, §8.5.2
53/97
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Analytic center

X
fix) <0, 1=1,...,m, Fx =g,

analytic center XA logarithmic barrier B minimizer:

x

minimize  — E log(—fi(z)) 8.18
— (8.18)
subjectto Fax =g.

ZMith, 7E equality constraints £ K4 slacks BITEFR

H[—fi (z)].

EE strict feasibility; bounded feasible set iBFE{RIE barrier bounded below,

Boyd & Vandenberghe, Convex Optimization, §8.5.3, problem (8.18)
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Analytic center (KR

E—&E&ARE inequalities &, analytic center BIAEXEE, FIFNXE [—1,1]:

$§17*$§1 == ZCaCZO.
EFEEAER 2+ < 1—X, barrier Tk
—2log(1l — x) — log(1 + x),

—NRAA 2. = — L,

BRFFAIAR TN

analytic center ¥ coordinate B9 nonsingular affine change. &1 inequality 89 positive scaling, AR
equality constraints IS ESHHKARZE,

Boyd & Vandenberghe, Convex Optimization, §8.5.3, representation dependence and invariance; one-dimensional illustration
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Linear inequalities B9 analytic center

N P={x|alx<b}, K
minimize — Zlog(bi — ajw). (8.19)
i=1

T

E2 di = (b — a] ®ac)~*, W barrier Hessian
H = Zd?aia;r.
=1

BEX Dikin inner ellipsoid 5 outer ellipsoid:
Ein = {(13 | (93 - (Bac)TH(CU — il}ac) < 1}7

B = {@ | (@ — @) H(@ — 220) < mlm — 1)},
E. Ein g P g Eouto

Boyd & Vandenberghe, Convex Optimization, §8.5.3, problem (8.19), inner and outer ellipsoids
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LMI B9 analytic center

X spectrahedron
C={z|B-3_ =A =0}
analytic center EX /I

n
minimize — logdet <B — Z wiAi> .
i=1

2 smallest eigenvalue #FEE, — logdet KH, XIER Lecture 06 § semidefinite interior-point
FELE iterates #&fif PSD boundary, method BY barrier; “B" 5 central path E1%i&E
%,

Boyd & Vandenberghe, Convex Optimization, §8.5.3, analytic center of a linear matrix inequality
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RZFEI 7: BLEAZED

BT 2 BEETF normalized linear tolerances

alz<b, Jail,=1
BEFIRERRE |Az|, <r, Chebyshev center RIEEHRAHRABTE:

max r st a, x+7r<b;.

x,r

REEX
r* 2FrE A L& a &SR worst-case manufacturing error; active faces 18 HE FCPR I A Z 89
EREAREARRE, XA maximum-volume ellipsoid center,

B#ml: design centering under manufacturing tolerances
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BTV EX

LERA points {x:}, 5 {y; 1)L, SHRH 7 &

f(xi) >0, fy;) <0.

& f XS5 offine, WEFE sample sign

S
o I constraints S Z linear, HEZ
o) & A& convex BURFSEME, MR aIxd
o |5 . BA z IELME,
o
o
o

Boyd & Vandenberghe, Convex Optimization, §8.6, Figure 8.8; qualitative redraw
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Linear discrimination

2 f(x) =a"x — b, strict separation
a'xz; —b>0, aTyj —-b<0 (8.20)

BT (a,b) homogeneous, FMNTF linear feasibility

a'xz;—b>1, aTyj —b< —1. (8.21)

JUE IR

#4H points AJ# affine hyperplane & D, HEXH

conv{z;} N conv{y;} = 0.

=
A

Z# convex hulls 83%, R EHIFFH convex combinations iZE alternative certificate,

Boyd & Vandenberghe, Convex Optimization, §8.6.1, equations (8.20)—(8.22)
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Maximum-margin separation

HHERAER scaling, 23 |al, < 1:

maximize ¢
a,b,t

subjectto a'm; —b>t,
a'y; —b< —t,
lal, < 1.

EUTESE, WHRMAR

a*|, =1, T 2t* & separating slab thickness,

(@]
°

I
|
I
:
o
I
I
O |
I

ARy P

(8.23)

Boyd & Vandenberghe, Convex Optimization, §8.6.1, problem (8.23), Figure 89
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Margin &F convex hull distance BJ—3%

maximum-margin problem Y dual T f#REA

w1 .

=< min > wwi— Y vy,
2 4>0,1 u=1 Z. -
v>0, 1Tv=1 J

BNFEESBIETFHAE convex hull; E Ltk

2t* = dist (conv{z; }, conv{y;}).

~

Support vectors

Bfil convex combinations & positive weights 3 closest faces; primal classifier {X FIX LRI slab
B9 points RE,

Boyd & Vandenberghe, Convex Optimization, §8.6.1, dual of robust linear discrimination
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Ao 9S#R: LP slack model

1N u;, v > 0: A +1 margin 5 —1margin
1 § :
aTwi*bZ 1 — g, aTyj*bS*(lfvj)- (8.24) olu' >§f : ¢
o \41_&3 |
B&/IMEE violation: | e
. ! 0<wv; <1
minimize 1Tu+1Tw ! ! 7
a.buo (8.25) o I |
subjectto (8.24), wu,v >0. o |
| Y
0 < u; < 13 point BIEHEDZEEE A margin slab; >

u; > 1 37~ misclassification, ¢1 objective 2
misclassification count B9 convex surrogate,

Slack BI¥E L%

SFIEZE score s; = a' x; — b, B/N\EI{T slack 79 u; = max{0,1 —s;}: s; = 0.3 %M u; =0.7; s, = —0.4
B u; = 1.4, RE classifier,

Boyd & Vandenberghe, Convex Optimization, §8.6.1, equations (8.24)—(8.25), Figure 8.10
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Support vector classifier

¥R soft-margin model /9
minimize lal, + fy(lTu + lT'U)
a,b,u,v
subjectto a'x; —b>1—u
a'y; —b< —(1—-v;), u,v>0.

la|, &\, slab width 2/|a], X, 7 K, violations #ERER, HEEIERIF training
5%0 Lal; +CY & BB, IREBXER, B8 regulorizer HEARERE,

Boyd & Vandenberghe, Convex Optimization, §8.6.1, support vector classifier, Figure 8.11
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Logistic discrimination

=E
au—b
1

= Pr(z=0|u) =

T, 1
1+eaub

i@ convex maximum likelihood 3K (a, b); decision boundary i a'u = b,

5 margin model BIX 3!

SVC Ei#Effifk geometric margin 5 hinge-like violations; logistic model 1% probabilistic log-loss, F
i class probability, # data strictly separable B 7t regularization, logistic MLE RNEEHEIRAR,

Pr(z=1|u) = (8.26)

1 + eaTufb

Boyd & Vandenberghe, Convex Optimization, §8.6.1, equations (8.26)—(8.27), Figure 8.12; Remark 8.1
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Quadratic discrimination

&
flxy=a'Pz+q z+r.

sample sign constraints 3S4L (P, ¢, r) A linear:
x Pri+q @i+r>1, y/Pyj+q y+r<-1
BHEXR P < —1, W positive region —" ellipsoid, BIF SDP S “BZFFE .. HIRFAE y,”89

ellipsoidal classifier,

Boyd & Vandenberghe, Convex Optimization, §8.6.2, quadratic discrimination, Figure 8.13
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Polynomial discrimination

degree at most d B polynomial

flz) = Z cax”

la|<d

£ sample points L X¥ coefficients c, /3 affine, ELLERE d BY, separation 2 LP feasibility,

) LP feasibility feasible?
QAFH
257 degree d }—> flx) > 1, f(y;) < -1 ’ AEINERIE K d

minimum separating degree T i@ITE4] d LB bisection/search K18; REITTEESINES, SCIRMAE
regularization B3EIEEE,

e

Boyd & Vandenberghe, Convex Optimization, §8.6.2, polynomial discrimination, Figure 8.14
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RZFEfI 8: RERIEFE

4% features RIRSIBESEH, [EEHFAMTPR, BRIEFARELSIMU, linear classifier TTiER B, JL
ENCIE=)54
f(:v:):7"2—(:(:—C)TQ(ar:—c)7 Q-0

—" ellipsoidal acceptance region,

¢ FRIFIZRIBIR convex, EA—RFZR

° g(x) =" Px+q x+ro, NREGEN
P < —I, HHA sample slacks; K&
SDP FBEARE (Q,c,r), MHBRT
R ATERSZ TR envelope,

B4l ellipsoidal classifier for condition-monitoring data

MATH6015 - JUTiaRE 93 69/97
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Placement B4 graph model

TR i BB RN x;, € R* (BE k=280 3), links A graph edge set A, HEHPUERETE, ERATE, N

minimize Z fij(xi, x5)

o (i1)EA
EFFE fi; jointly convex BY2 convex problem,

squares: fixed
dots: free

Boyd & Vandenberghe, Convex Optimization, §8.7
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Linear facility location

BREK cost & weighted link length:

minimize wijlle: — ], wi; > 0. (8.28)
e S wgla il v,

BiZEE, EACEGH. TETRHEBRESE (v — |, HERREKE/EEHEHEXIEM;
EENARSR,; RETEJ SOCP, BEE[S A LP,
w;; BJF7N transport volume,  wire multiplicity 3 unit-length cost,

Boyd & Vandenberghe, Convex Optimization, §8.7.1, equation (8.28)
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it 8.4: —MBEHER

AT K 1 fixed points (ui, v;), & (u,v) RAVECIEEF,

minZ(\u—ui\—i—W—vi\). rginz\/(u—ui)2+(v—vi)2.
{3 coordinate-wise medion R, K B B BRFRA Weber point B} geometric median,
1B &3] HIL—ZE R optimal rectangle, BERELEERE,

mean. median 5 geometric median X RARE loss; REERE L —iaHik,

Boyd & Vandenberghe, Convex Optimization, §8.7.1, Example 8.4
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Placement constraints

1R¥F convexity HIE DAREIE:

BRI points x1, . .., =, B bounding box

® x; fUTF line. box. ellipsoid & convex :
perimeter: 3| A w, v,

region;
. . . T
= pairwise distance upper bounds; u<z; <wv, 21 (v — u) < Puax-
= relative position, B0 z; < z;; X2 linear constraints,

® linear equalities & alignment,
minimum distance constraint |z; — z; | > d —f&3IET; BERHER— convex ball,

Boyd & Vandenberghe, Convex Optimization, §8.7.2
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Nonlinear facility costs

E—fRith, & h: R, — R convex nondecreasing, M

minz wijh(|x; — ;)

i<j

1379 convex problem, & ILi%EE:

h(t) TR SR

t linear penalty RFDERK links

t2 quadratic penalty B EAE S links

tt high-order penalty 3BEZUINHI maximum link length
deadzone EEBEEIHA INEENABUK

quadratic-linear

TS imAb st

38 HFEAE outlier influence

MATH6015 - JUTTARE  HmRESiELE

Boyd & Vandenberghe, Convex Optimization, §8.7.3
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6l 8.5: FHIEHSEIE

HE— free point z B,

K
. 2
min E [ — ;5.
xr
i=1

BFFHE gradient AE:

K | &K
2K:c—22:vi20 = w*:?Zwi.
i=1

i=1

51 8.4 3L

¢, distance sum £5 coordinate median; Euclidean distance sum £5 geometric median; squared
Euclidean distance sum £5 arithmetic mean, =&3J outliers RISRIEIREIENN,

Boyd & Vandenberghe, Convex Optimization, §8.7.3, Example 8.5
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#15 8.6: penalty BITHE

Bt teER R — graph £

4
D> i — ), > i3, D> lw— ;-

(i,j)€A (i,j)€A (i,j)€A
h(t) =t h(t) =2 h(t) = t*
[ ]
&b KE B9 FEHI I links

BEE power 18K, 1 link B9 marginal cost IEKEMR; free nodes EHEL, maximum length 4&%2,

Boyd & Vandenberghe, Convex Optimization, §8.7.3, Example 8.6, Figures 8.15-8.17; schematic redraw
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Path constraints

path io, . .., i, BHIKE
p
L= Z Hw'bk — Lip_y H
k=1

£ node locations B convex function, Et L < L.a.x & convex constraint,

PRI path sum 5&&ERE] edge length RE: #IEAIFEBRFERNEEHRDE delay budget,

Boyd & Vandenberghe, Convex Optimization, §8.7.4, path constraints
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Minimax delay 5 dynamic programming

EDAG B, € 7, M node k BE— sink B9 KRS delay, sink £ 7. =0; ERTRi#E Bellman
recursion

T = (kI,I;)aé(A{”mj —xk|+ 75} (8.30)

B A source—sink delay & source nodes £ #J max 7,

source J1

1% reverse topological order 38 7, REHL | A| IX edge relaxations, B RKZETEIEESH
source—sink paths,

Boyd & Vandenberghe, Convex Optimization, §8.7.4, equations (8.29)-(8.30)
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Minimax delay B0 reformulation

5| A upper bounds T}, > 7:

minimize t
{zi}, T\t
subjectto T, =0, Fksink,
T > |lxj — x| + Ty, (K, j) €A,
T, <t, ksource.

4% edge RFEE— convex inequality; BHREZFTE upper bounds, ELER{ t EFESL maximum
path delay,

BiRE

F8 epigraph inequalities BYft, max recursion Y equality, =238 dynamic programming relation #A
convex optimization AYELE 5%,

Boyd & Vandenberghe, Convex Optimization, §8.7.4, minimax delay placement
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RZFEI 9: RIRiRhEiE

BRR z; NEXRREN v, E—PCENE =,
BB A Ex IR0 R B 18] :

min max

miélzuh’”z-milb- ||Z*mz'||2.
=€ i zeC 1 Si

5% weighted geometric median, IBIESEZN, 5% weighted T-center, BIERERS =,

SCRREIR

C OIflA land-use polygon. Jaii—{Ml, BEEREHIEZE convex approximations; 245 80E 3T M A
[& objective,

‘
=1
\!
2

B4R single-facility emergency logistics: median versus minimax center

MATH6015 -JUAERE  fmESiElt 81/97



MAB)10: SREERE

modules B E x; = (z;,y:), netlist iXE w;; L signal traffic, quadratic placement

. 2
min » " wi;|@; — a;;

i<J

F2R% sparse graph Laplacian linear system; BHIA bounding box. region 5 symmetry constraints,

3

AIAE, T8, I sparse linear algebra IR&ERK  points JZBEIR, ABEFELE modules overlap; &
i, &S global placement ¥JIAMER E R4 legalization E :E HA floor-planning model,

B4%RP): quadratic placement for integrated-circuit netlists
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Floor-planning variables

cell C; F lower-left corner (z;,y:). width w;. height h; &7R; bounding box 1 W x H,

w containment constraints:
Ti, Yi 2 07
=) c, variables & ¥F cells 7£
area/aspect constraints R EFEC
EO
i, Yi) W

Boyd & Vandenberghe, Convex Optimization, §8.8, equation (8.31), Figure 8.18
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Non-overlap f& disjunction

WER i #£j, AEEERUTHRAEL—TAIL:

zitw <z; V zj+wij<z; V yi+hi<y; V y;j+h; <vy. (8.32)
—_— —
1 left of 5 g leftofe i below j J below 7

HAMRE

B inequality &8 linear; EYERE“or”, & relative order KX, ¥ discrete variables/search, &l
SEEEX cells BUMAXIMIE, FF continuous sizing/placement B4 convex optimization,

Boyd & Vandenberghe, Convex Optimization, §8.8, equation (8.32)
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Relative positioning graphs

FH DAG H 7R left-of, V &R below:

i tw <z; (i,j) €H, yi+hi <y; (i,7) € V. (8.34)

N transitive relation BIFAA inequalities A B IAR

‘\l/ 3/ B; RE DAG edges, pathi — j BEfifEE C; U
F o, EMHTH. 83 cells MWRE H =V BIE

NAELETX, ZEERIE non-overlap,

horizontal DAG H

Boyd & Vandenberghe, Convex Optimization, §8.8.1, equations (8.33)-(8.34), Figure 8.19
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Bounding constraints 1] #&ER 4

F A partial order, REXF extremal cells FEINIMELIZR:

z; >0, 7 minimal in H,
x; +w; < W, ¢maximalin #H,
y; > 0, 7 minimal in V, (8.35)

yi +h; < H, imaximalin V.
E A cells B9 containment H path inequalities 5 extremal constraints #EH ,
HiEEBX

8 transitive reduction R EME edges, TEBZEIH linear constraints; XARKZ feasible set, REZZE

RTFUNES BERBRA,

Boyd & Vandenberghe, Convex Optimization, §8.8.1, equation (8.35)
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Convex floor-planning model

AT H,V B, &M bounding-box perimeter:
min 2(W + H)

subject to relative-position 5 bounding constraints, LAK:

B spacing: @ 4+ w; + p < x5 minimum-area constraint & convex, &7
@ minimum area: w;h; > A;; w; > Ai/hi, wi, hi >0,
® aspect ratio: liw; < h; < uw;, FEM M log wi + log hi > log Aie

Boyd & Vandenberghe, Convex Optimization, §8.8.2, minimum spacing, area, and aspect-ratio constraints
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Alignment, symmetry 5 similarity

LG IHIMTE relative order EE/ZTTA linear equalities:

cell i center line aligns with cell j top:  y; + hi/2 = y; + hj,
vertical symmetry: Taxis — (T + Wi /2) = x5 + w;j /2 — Taxis,
fixed-scale similarity: w; = awj, h; =ah;j.

mR
& similarity scale a tBREE, w; = aw; & bilinear, REEEZMALRTH convex formulation; GP
parameterization N ET3BZRAN positive scale fE79 monomial relation ZbE,

containment in a polyhedron 5185E cell BEE point B R 5 linear inequalities,

Boyd & Vandenberghe, Convex Optimization, §8.8.2, alignment, symmetry, similarity, and containment constraints
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Cell [EIEEE AR

center distance TTEHIZAR:

(i +wi/2,yi + hi/2) = (z; +w;/2,y; + h;/2)| < Dij.
EBRE sets B9 minimum distance, TI5|IA p; € Ci,p; € Cj:

p; € Ci, p; € Cj, [p: — il < Dij.

BRESE

dist(C;, C;) < D SJHFEE—MHERFIE, ELt convex; MEX dist(C;, C;) > D 2
clearance/non-overlap B4R, BEIED, FHEBIER relative positioning 7 BE£ ML

istoance Cj

*e--" -
st(Ci, ChH

=%

Boyd & Vandenberghe, Convex Optimization, §8.8.2, distance constraints
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415 8.7: HA cells

HHEE Figure 8.19 B relative-position graphs, H—ZEK

IA
=&

<,

U] =

FHEAEE minimum spacing; FG4E minimum areas A; BISF1EE, ELEARE,

1 : 1 .‘ i 1 i
5 ® 5
’ ) : ’ 2 ‘ i

allocation A allocation B allocation C allocation D

B perimeter 5 aspect ratios 2B area allocation K35; #8[E total area REKEEE geometry T
bounding box,

Boyd & Vandenberghe, Convex Optimization, §8.8.2, Example 8.7, Figure 8.20; schematic redraw
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Floor planning via geometric programming

Ffr& variables positive BY, relative-position inequality

T + w;
Lj

& posynomial inequality; w;h; = A; = monomial equality,

GP gEEIER 2 7 formulation FA{ELE

/MY area WH; EIfE cell area; alignment. additive symmetry 5—#& distance
unknown-scale similarity; relative order 5 constraints A& monomial/posynomial £5#4,,

bounding inequalities,
convex 5 GP formulations EERBARINIZITES, NIRERS constraints &,

Boyd & Vandenberghe, Convex Optimization, §8.8.3
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RZFEBI 1. SR OERS

£ rack 2 rectangle; relative graphs EEQFREES M, BIrEZES perimeter 5 cable cost:

min 2a(W + H) + Z wijllei — ¢l -
(i,5)€A

A

wihi > A, Gw; < h; <wu;w;, qisle spacing pi;.

EEBR
48 7E relative order [FIX2 convex model; # aisle topology. rack orientation & pairwise order tHEi%
£, WRNFESMNEIA mixed-integer decisions,

B4%Rp): data-center rack floor planning with cable and aisle costs
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Chapter 8 BYiE1EHE

s N

projection / distance angles / distances ellipsoid / center

norm + convex set Gram matrix G > 0 log-det + containment

A

s N

floor planning
fix relative order

L J

placement classification
convex link costs affine in parameters N
JLfaia)

Az O TERI% representatlon PIRMESHE, Gram matrix EBEARLZE, ellipsoid parameters &
& containment, graph order EE&THR disjunction,

Boyd & Vandenberghe, Convex Optimization, Chapter 8
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AL

R

KRN

Projection

Set distance dual

Gram geometry
Euclidean distance matrix
Outer ellipsoid

Inner ellipsoid

Chebyshev center
Analytic center

Floor planning

Pc (o) € argmingec |@ — xo||

max| |, <1 —Sc(—2z) — Sp(=)
G=ATA»0,d}; =Gii+Gj; —2Gi;
D;; =0,D;; >0,JDJ <0

minlogdet A™! st. supg o | Az + b, < 1
max logdet Bst. BBy +d C C

max Rst.x + RB C C

min — 3, log(~ f: ()

relative order converts non-overlap disjunctions into linear inequalities

MATH6015 - JU{TiaRE &

G
i

Boyd & Vandenberghe, Convex Optimization, Chapter 8, §§8.1-8.8
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IREERR

BAER TE Eputatn

point coordinates 5 convex  coordinates norm/QP/SOCP
regions

pairwise angles/distances Gram or EDM SDP
cover/containment ellipsoid parameters log-det + SOCP/SDP
geometry

class labels boundary parameters LP/QP/SDP

network links node coordinates separable convex costs
rectangles + fixed order positions and sizes LP/SOCP/GP

rectangles + unknown order

continuous + discrete

mixed-integer/outer search

$EiR%B! invariant, containment 1 disjunction; BATREBEE B2 convex formulation,

MATH6015 - JUTTIERE B4

Boyd & Vandenberghe, Convex Optimization, Chapter 8 synthesis
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